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1 Introduction

Psychologists, economists, and other social scientists have extensively documented sys-
tematic departures from Bayesian updating. These departures include underreaction
and overreaction to new information, confirmation bias, base-rate neglect, and numer-
ous other phenomena.1 While these departures are traditionally characterized as bi-
ases, errors, or fallacies – implying their inherent “sub-optimality” – we offer a more
nuanced view. Specifically, we demonstrate that in classical learning problems, some
non-Bayesian updating can outperform its Bayesian counterpart.

The benefits of non-Bayesian updating have precedents in the literature, particularly in
strategic environments where such departures can induce equilibrium behavior favor-
able to non-Bayesian agents. In sender-receiver games, for instance, non-Bayesian up-
dating by receivers can elicit more information from the senders (De Clippel and Zhang,
2022; Lee et al., 2023).2 However, these results rely fundamentally on strategic inter-
actions. In single-agent learning environments, where strategic responses are absent,
we identify a distinct mechanism through which non-Bayesian updating may confer a
benefit, which we now explain.

We formalize our analysis within the canonical learning framework of Berk (1966). Con-
sider an agent attempting to learn a true data generating process. The agent begins with
a set of candidate processes, none of which may exactly match the true process. Then,
in each of an infinite number of periods, the agent sequentially observes a new piece of
data and updates their beliefs about which process best describes the observations. We
model the agent as a conservative Bayesian, following the updating rule:

(belief at n+ 1) = (1− γ)× (belief at n) + γ × (Bayesian update at n+ 1), (C-Bay)

where γ may depend on the number of observations, current belief, and current obser-
vation. This rule, first introduced by Phillips and Edwards (1966) and Edwards (1968),
generalizes Bayesian updating and captures several documented cognitive biases, in-
cluding under-reaction and over-reaction to new information, confirmation bias, and
base-rate neglect. Throughout, we refer to this updating rule as the (C-Bay) rule.

In the first part of the analysis, we assume that the more observations the agent has, the
less the agent reacts to new information. A body of evidence supports this assumption;
in his meta-analysis, Benjamin (2019) reports it as Stylized Fact 2. Our main result

1For comprehensive reviews, see Benjamin (2019) and Ortoleva (2022).
2As another instance, in a financial trading problem, Massari (2022) shows that non-Bayesian traders

may drive Bayesian traders out of the market. As our analysis will make it clear, this is because non-
Bayesian traders may better predict the underlying fundamentals than their Bayesian counterparts.
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– Theorem 1 – states that the agent’s predictive process – the expectation of candidate
processes under the agent’s beliefs – converges almost surely to the mixture process
the closest to the true data generating process (in the sense of the Kullback-Leibler
divergence). In other words, the theorem states that it is as if the agent considers all
possible mixtures of the candidate processes (thus, “convexifying” his model) and learns
as a classical Bayesian. In particular, if the true data generating process is a mixture
of the candidate processes, the agent’s predictive process converges to it. This contrasts
with the Bayesian agent, whose predictive process converges to the pure process the
closest to the true data generating process – see Berk (1966). (We stress that when
the model is correctly specified, the updating rule (C-Bay) converges to the true data-
generating process, as Bayesian updating does.)

The intuition is simple. Bayesian agents extract all the information there is from their
models.3 However, when their models are wrong, this typically causes them to make
wrong inferences. A more conservative approach, as embodied by the updating rule
(C-Bay), limits the severity of this problem. Moreover, the more observations an agent
has, the more conservative they must be to counteract the increasing confidence of their
Bayesian counterpart. Ultimately, this can lead to better learning outcomes.

Mathematically, we rewrite the updating rule (C-Bay) as the Robbins-Monro algorithm
(Robbins and Monro, 1951):

(belief at n+ 1) = ( belief at n) + γn+1

[
E true DGP(Bayesian update at n+ 1)− (belief at n)

]
+ γn+1

[
(Bayesian update at n+ 1)− E true DGP( Bayesian update at n+ 1)

]
,

where E true DGP is the expectation with respect to the true data-generating process. The
first term in brackets is deterministic, while the second term is random (a martingale
difference). When the agent reacts sufficiently slowly to new information, the random
term becomes negligible as the number of observations grows arbitrarily large. The de-
terministic part then drives the belief dynamics. We show that the cross-entropy of the
predictive process with respect to the true data generating process acts as a potential
for the deterministic dynamics.4 We then show that all critical points of the determin-
istic flow correspond to either the unconstrained maximizers of the cross-entropy or
constrained ones. Finally, we prove that all constrained maximizers repel the dynam-
ics, hence the dynamics converges to the unconstrained maximizers. This last step is
the most delicate. The constrained maximizers are neither isolated points nor inte-
rior, which precludes us from appealing to classical results in stochastic approximation

3Zellner (1988) proves that Bayesian updating corresponds to extracting all the information from the
prior and the statistical model.

4The KL divergence of p from q is Ep[log(p/q)]. Minimizing the KL divergence with respect to q is
equivalent to maximizing Ep[log q]. We call the latter the cross-entropy of q with respect to p.
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theory such as Pemantle (1990), Brandiere (1998), or Brandiere and Duflo (1996). We
develop new arguments to solve that issue.

In the second part of the analysis, we consider alternative assumptions on the updating
weights and show that our main insight, that is, that some non-Bayesian updating can
outperform Bayesian updating, continues to hold. For instance, if the updating weights
are constant, then the belief dynamics does not converge, but its occupation measure
does. As the weight γ becomes arbitrarily small, the occupation measure concentrates
on the mixture process the closest to the true data generating process – Theorem 3.

We illustrate our main result with a simple example, inspired by the work of Spiegler
(2016) on causal models. Suppose that each observation is a vector of variables (x1, x2, x3),
representing diet, sleep, and health, respectively. The true causal model is such that diet
and sleep function are interdependent determinants of health, with diet also influenc-
ing sleep patterns. However, the agent posits another causal model and assumes that
diet and sleep are independent causes of health. Figure 1 represents the causal mod-
els as two directed acyclic graphs. Thus, the agent considers distributions of the form
p(x3|x1, x2)p(x2)p(x1), which all differ from the true distribution since x1 and x2 are cor-
related in the true model. Since any correlated distribution is the convex combination
of independent distributions, our main result implies that the non-Bayesian agent suc-
cessfully converges to the correct causal model, while the Bayesian agent fails to do so.
This is the paper’s main insight.

x3

x1 x2

The true causal model

x3

x1 x2

The agent’s causal model

Figure 1: The causal models

Our analysis also suggests an advantage to deliberately adopt a misspecified model.
In Bayesian statistics, computing posterior distributions is often challenging. Thus,
even when the statistical model is correctly specified, learning the true data-generating
process may be computationally intractable – see the large literature on approximate
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Bayesian computation. Our analysis suggests an alternative route. Instead of working
directly with the distributions of interest, the statistician can restrict attention to fami-
lies of distributions whose mixtures are rich enough to approximate the distributions of
interest, while also yielding posteriors that are easier to compute. Although such a re-
stricted model may be misspecified, applying the updating rule (C-Bay) still guarantees
convergence to the true data-generating process, without requiring intractable posterior
computations.5 For example, restricting attention to Gaussian distributions suffices,
since mixtures of Gaussians approximate any distribution arbitrarily well (with respect
to the Wasserstein metric).

We close the introduction with a brief discussion of the related literature (Section 5
contains a detailed discussion). The two most closely related papers are Berk (1966) and
Epstein et al. (2010). Berk (1966) studies the long-run properties of Bayesian updating
when the model is misspecified and shows that the beliefs converge to the process, which
minimizes the KL divergence from the true process.6 Epstein et al. (2010) study the long-
run properties of the updating rule (C-Bay) when the model is correctly specified. They
show that if the agent under-reacts to new information, the agent eventually learns
the true process. We differ from Berk (1966) by assuming non-Bayesian updating and
from Epstein et al. (2010) by assuming a misspecified model. Some recent papers, e.g.,
Bohren and Hauser (2021, 2024), Heidhues et al. (2021) and Frick et al. (2023), provide
a link between Bayesian updating in misspecified problems and non-Bayesian updating.
More specifically, it is possible to construct another set of candidate processes such that
Bayesian updating in that modified model induces the same beliefs than the updating
rule (C-Bay) in the original model. To the best of our understanding, none of these recent
results are applicable to our problem – see Section 3 for a detailed discussion.

2 The Problem

At each period n ∈ N, an agent is observing xn ∈ X, independently and identically
drawn from an unknown data-generating process p∗ ∈ ∆(X). The agent’s model is a set
P := {pθ ∈ ∆(X) : θ ∈ Θ} of data-generating processes, which may not include the true
data-generating process p∗ – in that case, the model is misspecified. Throughout, we
assume that the sets X and Θ are finite and that the support of p∗ and each pθ is X.7

The latter assumption guarantees that the agent is never surprised, that is, the agent
5As we show later, our main result – Theorem 1 – also holds when the Bayesian posteriors in rule

(C-Bay) are replaced with approximations.
6See also Freedman (1963), Berk (1970), Diaconis and Freedman (1986), Diaconis and Freedman

(1999), Shalizi (2009).
7None of our results would change if we were to assume that the support of p∗ is included in the support

of pθ for all θ ∈ Θ. The only modification would be to substitute X with the support of p∗ in the analysis.

5



cannot observe a realization x, believed impossible under all data-generating processes
in P.

We can think of x as financial returns in investment problems, losses in insurance prob-
lems, or demands in pricing problems. For instance, in a canonical portfolio problem,
x corresponds to realized asset returns and P their postulated distributions, e.g., mul-
tivariate Gaussian distributions with unknown mean and variance-covariance matrix
(the parameter θ). As another instance, in canonical insurance problems, x corresponds
to losses or, equivalently, final wealths. More generally, we view x as payoff-relevant con-
sequences, p∗ as their true distribution, and P as the collection of “parameterized” distri-
butions the agent postulates. An alternative is to view x as a (payoff-irrelevant) signal
about the (payoff-relevant) state θ, p∗ as the signal distribution when the true state is
θ∗ ∈ Θ, and (pθ)θ as the perceived conditional distributions (an experiment). Both views
are common in Economics and Statistics. While our formal results are independent of
either perspective, their interpretations differ. Under the first view, successful learn-
ing entails the convergence of the predictive process to the true distribution p∗, whereas
under the alternative view, learning success is characterized by the identification of the
true state θ∗. We return to these alternative interpretations later on.

The agent’s prior is q0 ∈ S := ∆(Θ). Without loss of generality, we assume that the
support of q0 is Θ, i.e., q0 ∈ S∗ := int (S), the interior of S. The agent updates his belief
from qn to qn+1 upon observing the signal xn+1 according to the rule:

qn+1 = (1− γn+1)qn + γn+1B(qn, xn+1), (C-Bay)

where B(qn, xn+1) ∈ ∆(Θ) is the Bayesian posterior of qn given the new observation xn+1

and γn+1 the (possibly random and positive) weight on the Bayesian posterior.8 The
updating rule (C-Bay) was first discussed in Phillips and Edwards (1966) and Edwards
(1968), generalizes the Bayesian rule (γn+1 = 1) and can accommodate a number of
well-documented biases such as underreaction (γn+1 < 1) and overreaction (γn+1 > 1) to
new information, confirmatory biases, and a few others. We refer the reader to Epstein
(2006) and Kovach (2021) for more extensive discussions and axiomatic foundations.
Benjamin (2019) documents two additional empirical findings, which the rule can also
accommodate. First, the more observations an agent has, the more the agent under-
reacts. This finding – Stylized Fact 2 in Benjamin (2019) – is consistent with decreasing
updating weights (γn)n. Second, individuals’ beliefs after sequentially observing x1 to xn

differ from the beliefs they would have formed, had they received the same information
simultaneously as a single observation (x1, . . . , xn). This finding – Stylized Fact 8 in

8The posterior probability of θ is Bθ(q, x) =
qθpθ(x)∑

θ′ qθ′pθ′ (x)
, whenever the denominator is positive.
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Benjamin (2019) – is also consistent with the updating rule (C-Bay).9 Throughout, we
refer to the process (Eqn [pθ])n∈N under the updating rule (C-Bay) as the agent’s predictive
process.

We conclude this section with a brief review of Berk (1966) and Epstein et al. (2010).
Berk (1966) studies the convergence of the Bayesian posteriors (i.e., γn = 1, ∀n) and
proves the almost-sure convergence to the maximizers of the (negative of the) cross
entropy, that is, argmaxθ∈Θ

∑
x p

∗(x) log pθ(x). Epstein et al. (2010) study whether the
updating rule (C-Bay) induces the agent to eventually learn the true data-generating
process, when the model is correctly specified. They show that if the agent is always
underreacting to new information (i.e., γn ≤ 1, ∀n), then the agent eventually learns
the true data-generating process, when the weight γn is predictable (measurable with
respect to the information up to period n − 1). With the help of an example, they show
that this result is not true when the weight γn is only adapted (measurable with respect
to the information up to period n).

3 Underreaction and Learning

This section presents our main result. Motivated by Stylized Fact 2 in Benjamin (2019),
we assume that the more observations the agent has, the more the agent underreacts to
new information. Yet, we do not want the underreaction to be so severe that the agent
stops reacting after finitely many periods.

Formally, we assume that (γn)n is a deterministic sequence of positive real numbers such
that

(i) :
+∞∑
n=0

γn = +∞, and (ii) :
+∞∑
n=0

e−c/γn < +∞, for all c > 0. (1)

Examples of series satisfying conditions (i) and (ii) include (1/n)n∈N, (1/
√
n)n∈N, and

(1/ log2(n))n∈N. More generally, the series (1/nα)n with α ∈ (0, 1] and (1/ logα(n))n with
α > 1 all satisfy the condition.10 Condition (ii) guarantees that the series (γn)n converges
to zero, so that the more observations the agent has, the less the agent reacts. Condition
(ii) further says (γn)n converges to zero faster than the series (1/ log(n))n does.11 Con-
dition (i) guarantees that the agent does not stop reacting after finitely many periods.

The analysis rests on the observation that the updating rule (C-Bay) can be rewritten
9Cripps (2018) characterizes the updating rules, which produce the same update after observing either

x1 to xn sequentially, or (x1, . . . , xn) simultaneously.
10A more familiar, but stronger, assumption is

∑+∞
n=0 γn = +∞ and

∑+∞
n=0 γ

2
n < +∞.

11This is not a demanding condition as the series (1/ log(n))n goes relatively slowly to zero.
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as:

qn+1 − qn = γn+1 (H(qn) + Un+1) ,

where H : S → R|Θ|
0 is defined by

Hθ(q) := qθ

(∑
x

p∗(x)
pθ(x)∑

θ′ qθ′pθ′(x)︸ ︷︷ ︸
:=fθ(q)

−1

)
= Ep∗ [Bθ(q,x)]︸ ︷︷ ︸

Expectation of Bayesian
posterior of θ

−qθ, ∀θ, (2)

and (Un)n a bounded martingale difference: Un+1 := B(qn, xn+1)− Ep∗ [B(qn,xn+1)].

Before proceeding, we remark that the analysis below continues to apply if the agent
updates his belief from qn to qn+1 := (1 − γn+1)qn + γn+1b(qn, xn+1), where b(qn, xn+1) is a
noisy estimate of B(qn, xn+1) such that E[b(q, x)|B(q, x)] = B(q, x) for all (q, x). In words,
the updating rule tolerates some errors.

This recursive formulation is a Robbins-Monro algorithm (Robbins and Monro, 1951),
a well-known algorithm in the literature on stochastic approximation theory. A popu-
lar method for analyzing such algorithms is the ordinary differential equation (ODE)
method, which approximates the sequence (qn)n with the solution to the associated (de-
terministic) ODE:

q̇(t) = H(q(t)).

When applicable (which it is in our case), this method reduces the analysis of the
Robbins-Monro algorithm (C-Bay) to the study of the associated ODE. We prove two cen-
tral results about the ODE. (All proofs are in the Appendix.) The first result – Lemma
1 – states that the function q 7→ V (q) is a Lyapunov function for the ODE, where V (q) is
the (negative of the) cross-entropy of the mixture

∑
θ qθpθ with respect to p∗, that is,

V (q) :=
∑
x

p∗(x) log

(∑
θ

qθpθ(x)

)
. (3)

The second result – Lemma 2 – states that the set E := {q ∈ S : H(q) = 0} of zeroes
of H can be decomposed into a finite union of disjoint, compact and convex components
Ck, k = 1, . . . , K, with the cross-entropy V constant on each of the components.12 The
decomposition is unique, and V attains its maximal value on a unique component, which
we denote Ck∗:

V (Ck∗) > V (q), for all q ∈ S \ Ck∗ .

12Note that the set of degenerated beliefs {δ{θ} : θ ∈ Θ} belong to E, so that E is non-empty.
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To get some intuition for Lemma 2, let CΘ̂ be the maximizers of the cross-entropy V over
the face FΘ̂, where FΘ̂ := {q ∈ S : qθ > 0 iff θ ∈ Θ̂}. If non-empty, CΘ̂ is convex and
induces a unique p ∈ ∆(X), so that the cross-entropy is constant on CΘ̂. Since there are
finitely many faces, there are finitely many non-empty sets of maximizers. (At least one
is non-empty, since V is continuous and S non-empty and compact.) Moreover, it is easy
to see that each maximizer is a zero of H and, conversely. Intuitively, H(q) = 0 are the
Kuhn-Tucker conditions for the maximization of the concave function V with respect to
q ∈ FΘ̂. We then construct each Ck as a carefully chosen union of maximizers. Example
1 illustrates the construction. Note that we can have as many components as we have
faces.

Example 1 Assume that Θ = {θ1, θ2, θ3}, X = {x1, x2, x3}, and

pθ1 =
1

5
(1, 2, 2), pθ2 =

1

5
(2, 1, 2), pθ3 =

1

5
(2, 2, 1), p∗ =

1

3
(1, 1, 1).

The set E is:

{
δ{θ1}

}
∪
{
δ{θ2}

}
∪
{
δ{θ3}

}
∪
{
1

2
(1, 1, 0)

}
∪
{
1

2
(1, 0, 1)

}
∪
{
1

2
(0, 1, 1)

}
∪
{
1

3
(1, 1, 1)

}
.

We have V (δ{θ1}) = V (δ{θ2}) = V (δ{θ3}) =
1
3
log 1

5
+ 2

3
log 2

5
,

V

(
1

2
(1, 1, 0)

)
= V

(
1

2
(1, 0, 1)

)
= V

(
1

2
(0, 1, 1)

)
=

2

3
log

3

10
+

1

3
log

4

10
,

and V
(
1
3
(1, 1, 1)

)
= log 1

3
. Here, Ck∗ =

{
1
3
(1, 1, 1)

}
, the interior point.

θ3

θ1

θ2

Figure 2: The components in Example 1

To sum up, the cross-entropy V is a Lyapunov function for the flow of the dynamics and
maximized in a unique component Ck∗ of zeroes. This suggests that the component Ck∗

is globally stable. While our main result – Theorem 1 – states that this is indeed the
case, the result is far from immediate. As we shall see, the main technical challenge is
that the components Ck are not always singletons (isolated points) and, moreover, often
exist as continuums on the boundary.
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Theorem 1 For all q0 ∈ int (S), the (random) limit set L((qn)n) of the process (qn)n is
contained in Ck∗, with probability one. In words, the beliefs converge to maximizers of the
cross-entropy V .

Theorem 1 states that every ω-limit point q induces a unique distribution
∑

θ qθpθ ∈ coP,
which attains the maximum:

max
p∈coP

∑
x

p∗(x) log p(x).

It then follows immediately that:

Corollary 1 If p∗ ∈ coP, then the agent’s predictive process converges to the true data-
generating process p∗.

Thus, if p∗ ∈ coP, the learning outcome is the same as the one of a Bayesian learner with
the richer set of (non-parametric) models coP, assuming that the agent’s prior assigns
a positive probability to an open neighborhood of the cross-entropy maximizer – see
Berk (1966). This observation is reminiscent of Bohren and Hauser (2024), who demon-
strate an equivalence between non-Bayesian updating in a correctly specified model
and Bayesian updating in a misspecified model. In particular, if the agent’s model is
{πqn,γn

θ : θ ∈ Θ}, with

πqn,γn
θ (x) := (1− γn)Eqn [pθ(x)] + γnpθ(x)

for all x, then the Bayesian posteriors of the modified model {πqn,γn
θ : θ ∈ Θ} coincide with

the non-Bayesian posteriors (C-Bay) of the original model {pθ : θ ∈ Θ}, when the agent’s
prior belief is qn at period n. We stress that the “as-if ” model depends on the current
belief qn and weight γn. The dependence on current beliefs is a common feature of social
learning models, see e.g., Esponda and Pouzo (2016), Bohren and Hauser (2021), and
Frick et al. (2023). However, as far as we know, none of the results developed in these
(and other related) papers are directly applicable to our problem. Indeed, the main focus
of this literature is on the stability of degenerated beliefs and none of the few instances,
where mixed beliefs are considered, are directly applicable in our setting. See Section 5
for a more detailed discussion.

Conservative updating thus protects the agent against misspecifications and leads to
better predictions. Predicting better, even perfectly, does not imply that the agent learns
(identifies) the true data-generating process. In fact, the agent cannot learn the true
data-generating process when his model is misspecified! Yet, when we interpret Θ as
(payoff-relevant) states and X as signals, an implication of Theorem 1 is that the agent’s
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belief about the states may also come closer to the true state than Bayesian updating
would. For an illustration, suppose that there are two states θ∗ and θ and two signals
ℓ and h. The true conditional distributions (experiment) are p∗θ∗(h) = 1 − p∗θ(h) = 2/3,
while the agent’s model is pθ∗(h) = 1 − pθ(h) = 1/10. Assume that the true state is θ∗.
Since the agent wrongly interprets the signal h as evidence of θ and the signal h is the
most likely when the state is θ∗, the Bayesian posterior converges almost surely to θ, the
wrong state. In contrast, with the updating rule (C-Bay), the agent’s belief converges to
probability 7/24 on θ∗, a closer distribution to the truth. (Its cross-entropy with respect
to δ{θ∗} is log(7/24), while the cross-entropy of the limiting Bayesian posterior is −∞.13)
It is not always true that the non-Bayesian agent learns better, though. E.g., if we
change 1/10 for 9/10, the agent learns the true state under Bayesian updating, while
the belief converges to 17/24 on θ∗ under updating (C-Bay). In general, all we can say
is that the agent’s belief comes closer, and sometimes strictly so, to the true state under
updating (C-Bay) (in the sense of the Kullback-Leibler divergence) if, and only if, the
agent does not learn the true state under Bayesian updating.

The updating rule (C-Bay) may also serve as a “misspecification test.” Indeed, if the
process (qn)n does not converge to a point mass on one of the parameter θ, then the
model P must be misspecified.14 Thus, a possible test is to reject the hypothesis that
the model is correctly specified if minθ∈Θ ||qn − δ{θ}||TV > ε, where ε and n are carefully
calibrated to trade-off type I and II errors. We leave this question for future research.

The proof of Theorem 1 uses results from stochastic approximation theory with, however,
one major difficulty. The major difficulty is that the convex components of E might
neither be isolated points nor interior points. In fact, each component Ck ̸= Ck∗ lies on
the boundary of S. Example 2 illustrates that we may have a continuum of zeroes on
the boundary.

Example 2 Suppose that Θ = {θ1, θ2, θ3, θ4}, X = {x1, x2, x3}, and

pθ1 =
1

4
(2, 1, 1), pθ2 =

1

4
(1, 2, 1), pθ3 =

1

4
(1, 1, 2), pθ4 =

1

8
(2, 3, 3), p∗ =

1

8
(6, 1, 1).

The set E is

{δ{θ1}} ∪ {δ{θ2}} ∪ {δ{θ3}} ∪ {(0, λ/2, λ/2, 1− λ) : λ ∈ [0, 1]},

with Ck∗ = {δ{θ1}}. The component {(0, λ/2, λ/2, 1 − λ) : λ ∈ [0, 1]} is a continuum and
13We compare distributions in S. Since the parameter identifies distributions in ∆(X), we are equiva-

lently comparing distributions in ∆(∆(X)).
14More precisely, we need to add the mild requirement that the model is identified, i.e., pθ ̸= pθ′ for all

(θ, θ′). When p∗ = pθ = pθ′ with θ ̸= θ′, it is possible for the belief process to converge to an interior point,
even though the model is correctly specified.
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lies on the boundary of S – it is the line in Figure 3.

θ1

θ3

θ4

θ2

Figure 3: The components in Example 2

As a consequence, none of the classical results in stochastic approximation theory, e.g.,
Pemantle (1990), Brandiere (1998), Brandiere and Duflo (1996), are immediately appli-
cable. For instance, Pemantle (1990, p. 700-701) states that “if there are uncountably
many unstable points, then (qn) can still converge to one of them even though each point
has probability zero of being hit. In this case, all one might conclude is that the law of
the limit has no point masses at unstable critical points15.” Similarly, since the compo-
nents Ck, k ̸= k∗, are on the boundary of S, we cannot rely on the Jacobian of H in the
neighborhood of each q ∈ Ck to determine their stability.

We develop novel arguments to tackle that issue. The arguments are quite technical, but
the main logic is simple: We show that each component Ck ̸= Ck∗ admits an open neigh-
borhood and a uniform repelling direction, so that the dynamics cannot hop indefinitely
often from elements of the open neighborhood of Ck to others.

We now present the arguments for the special case where Ck ̸= Ck∗ consists of the single
element q̂. (Technical details in this paragraph may be omitted without loss of continu-
ity.) Choose q∗ ∈ Ck∗ with maximal support, that is, for all q ∈ Ck∗, [qθ > 0 ⇒ q∗θ > 0].
The convexity of each component guarantees that such q∗ exists.16 We partition Θ into
three subsets: Θ1 := {θ ∈ Θ : q∗θ = q̂θ = 0}, Θ2 := {θ ∈ Θ : q̂θ > 0}, and Θ3 :=

{θ ∈ Θ : q̂θ = 0, q∗θ > 0}. From the construction of the components Ck, Θ3 is non-empty.
(If Θ3 was empty, then Ck = Ck∗.) From the strict concavity of V , ∂

∂τ
V (τq∗ + (1− τ)q̂) > 0,

τ ∈ (0, 1). Therefore,

0 <
∑
θ∈Θ

(q∗θ − q̂θ)fθ(q̂) =
∑
θ∈Θ

q∗θfθ(q̂)− 1 =
∑

θ∈Θ2∪Θ3

q∗θfθ(q̂)− 1 =
∑
θ∈Θ2

q∗θ +
∑
θ∈Θ3

q∗θfθ(q̂)− 1,

where the first and third equalities follows from q̂θ(fθ(q̂) − 1) = 0 for all θ, since q̂ is a
zero of H. (See Equation 2 for the definition of fθ(q̂).) Since

∑
θ∈Θ2∪Θ3

q∗θ = 1, there exists

15Here, the term “critical points” is relative to the flow. In other terms, a critical point of the flow
associated to the EDO q̇ = H(q) is simply a zero of H.

16This is where having convex, and not merely connected, components helps.
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θ̂ ∈ Θ3 such that fθ̂(q̂) > 1, that is, q̇θ̂ > 0 in the neighborhood of q̂ – the dynamics cannot
converge to q̂. The logic extends to arbitrary convex components.

The observation that the components are not necessarily isolated points is a direct conse-
quence of the fact that distributions in coP do not always have a unique decomposition
in terms of its extreme points P. For future reference, let Λ be the set of all possible
convex combinations of the pθ ’s equal to p∗, that is,

Λ :=

{
λ = (λθ)θ∈Θ ∈ S : p∗ =

∑
θ∈Θ

λθpθ

}
.

We now discuss the implications of assuming different notions of independences of the
family P. We say that the family P = {pθ : θ ∈ Θ} is full if the vectors (pθ − pθ′)(θ,θ′)∈Θ×Θ

span the tangent space associated to ∆(X), i.e., R|X|
0 := {v ∈ R|X| :

∑
x∈X vx = 0}.

In words, if the family is full, then differences between its members can point in any
direction allowed by the simplex structure. This property is common in statistics, as it
allows for identification.

Proposition 1 If the family P is full, then E ∩ S∗ ⊆ Λ. If, in addition, p∗ /∈ coP, then
E ⊆ ∂ (S).

Thus, when the family is full, interior zeroes, if they exist, “identify” the true data-
generating process p∗; the agent would learn to predict correctly. We stress that the
inclusion E ∩ S∗ ⊆ Λ may be strict, because Λ may intersect the boundary of S, as the
following example demonstrates.

Example 3 Suppose that Θ = {θ1, θ2, θ3}, X = {x1, x2}, and

pθ1 =
1

4
(1, 3); pθ2 =

1

3
(1, 2); pθ3 =

1

4
(3, 1), p∗ =

1

2
(1, 1).

Then, E = {δ{θ1}} ∪ {δ{θ2}} ∪ {δ{θ3}} ∪ Λ, where

Λ = {λ ∈ S : λ1pθ1 + λ2pθ2 + λ3pθ3 = p∗} =

{(
λ1,

1

5
(3− 6λ1),

1

5
(2 + λ1)

)
: λ1 ∈

[
0,

1

2

]}
.

We say that the family P satisfies convex independence if there does not exist θ̂ ∈ Θ such
that pθ̂ ∈ co {pθ : θ ∈ Θ \ {θ̂}}. The next result states that all components are singletons
when the family satisfies convex independence and |Θ| ≤ |X|.

Proposition 2 If |Θ| ≤ |X| and the family P satisfies convex independence, then every
Ck is a singleton.

13



θ3

θ1

θ2

Figure 4: The four components in Example 3

Finally, we say that the family P is tight if it is full and minimal, in the sense that any
proper sub-family is not full. Note that a family is tight if and only if |Θ| = |X| and it
satisfies convex independence. We have the following theorem when the family is tight.

Theorem 2 Assume that the family P is tight. Then, there exists a unique λ∗ such that
(qn)n converges to λ∗ almost surely. If Λ ̸= ∅, then Λ = {λ∗}.

4 Discussion

4.1 Updating Weights

Section 3 assumes that the updating weights (γn)n are deterministic and vanishing not
too slowly. In line with some empirical evidences (Benjamin, 2019), these assumptions
guarantees that the agent does not stop learning, but does so at a progressively slower
rate. This section discusses alternative assumptions and their consequences.

We start with an observation. The updating weights can be random: Theorem 1 remains
true if each random weight γn is measurable with respect to Fn−1, E[

∑
n γn] = +∞, and

E[
∑

n e
−c/γn ] < +∞, for all c > 0.17 See Remark 4.3 of Benaı̈m (1999). We now turn our

attention to two more substantive alternatives.

CONSTANT WEIGHTS. Assume that the updating weights are constant, i.e., γn = γ ∈
(0, 1) for all n. With a constant weight, the agent continues to underreact to information,
but does so at a constant rate. The analysis in Epstein et al. (2010) covers this case and
shows that the agent eventually learns the data-generating process, that is, if pθ∗ is the
true data-generating process, the agent’s beliefs converge almost surely to δ{θ∗}. The
argument is standard. Under the true data-generating process pθ∗, the random process
(log qn(θ

∗))n is a sub-martingale, bounded from above, and thus converges almost surely
by the martingale convergence theorem. To see that (log qn(θ

∗))n is a sub-martingale,
17We denote (Fn)n the filtration adapted to the sequence (qn, xn)n.
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note that

Epθ∗ [log qn+1(θ
∗)]− log qn(θ

∗) = Epθ∗

[
log

(
(1− γ) + γ

pθ∗(x)∑
θ′ qn(θ

′)pθ′(x)

)]
≥ γ

∑
x

pθ∗(x) log

(
pθ∗(x)∑

θ′ qn(θ
′)pθ′(x)

)
≥ 0,

where the first inequality follows from the concavity of log and the second from the
positivity of the relative entropy. It follows that (qn(θ∗))n converges almost surely to one.

However, when the model is misspecified (i.e., p∗ /∈ P), the argument does not apply.
Indeed, when the model is misspecified, the term

γ
∑
x

p∗(x) log

(
pθ∗(x)∑

θ′ qn(θ
′)pθ′(x)

)
,

is not always positive. For some q, the predictive distribution
∑

θ qθpθ is strictly closer to
p∗ than pθ∗ is, in which case the term above is strictly negative.

In fact, the belief process is not even guaranteed to converge. For an example, suppose
that X = {0, 1}, Θ = {θ, θ′}, p∗(1) = 2/3, pθ(1) = 3/4 = pθ′(0). We plot the belief processes
in Figure 5. The blue curve represents the predictive process induced by the updating
rule (C-Bay) with a constant weight, while the black curve represents the true data-
generating process. Clearly, the process does not converge, but oscillates around the true
data-generating process. For completeness, we also plot the predictive process induced
by the updating rule (C-Bay) with decreasing weights (resp., Bayesian updating) as the
green (resp., purple) curve.

We therefore follow a different approach than in the previous section. We start by noting
that the updating rule (C-Bay) induces a Markov chain on S, where the probability to
transition from q to q′ is

∑
x∈Xq,q′

p∗(x), Xq,q′ := {x ∈ X : q′ = (1 − γ)q + γB(q, x)}. From
any q, the Markov chain transitions to finitely many q′. We then study the long-run
properties of the Markov chain, which hold for almost all possible realizations of the
observations. More precisely, we study the convergence properties of the sequences of
occupation measures (Πγ

n)n, where for any Borel set A ⊂ S,

Πγ
n(A) :=

1

n

n∑
m=1

δqm(A).

The notation stresses that the chain and, therefore, its occupation measure is parame-
terized by γ.

We first prove that the sequences of occupation measures converge to invariant distri-
butions π ∈ ∆(∆(Θ)) of the Markov chains. This result is, however, of limited value as

15



Figure 5: Constant weight and non-convergence

there are multiple invariant measures. For instance, for each θ ∈ Θ, δ{δ{θ}} is an invari-
ant measure. We, however, prove that as γ becomes arbitrarily small, the occupation
measure converges to an invariant measure, which concentrates on Ck∗. (Recall that Ck∗

is the component of zeroes, which maximize the cross-entropy.) Thus, when the reaction
to new information is small enough, the process is qualitatively similar to the process
with decreasing weights studied in Section 3. We now turn to a formal definition and
statement.

Definition 1 The measure π∗ ∈ ∆(S) is a limiting measure for the updating rule (C-Bay)
if there exists a sequence (γℓ, πℓ)ℓ∈N such that:

1. γℓ ↓ 0,
2. πℓ is a weak* limit point of (Πγℓ

n )n, for all ℓ, and
3. limℓ πℓ = π∗ for the weak* topology.

In words, the measure π∗ is a limiting measure if we can find a sequence of updating
weights (γℓ)ℓ and a corresponding sequence (πℓ)ℓ of limit points of (Πγℓ

n )n, which converges
to π∗ for the weak* topology. We then prove the following:

Theorem 3 Let π∗ be a limiting measure for the updating rule (C-Bay). The support of
π∗ is included in Ck∗.

Theorem 3 states that the limiting measure concentrates on Ck∗ as the updating weight
becomes smaller, the natural analogue of Theorem 1. To get some intuition, recall that
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a limit point πℓ of (Πγℓ
n )n is an invariant measure of the Markov chain, parameterized

by γℓ. Since invariant measures capture the long-run stationary properties of the belief
process, beliefs should not grow at the limit. More precisely, let

rγθ (q) :=
∑
x

p∗(x) log

(
(1− γ) + γ

pθ(x)∑
θ′ qθ′pθ′(x)

)
︸ ︷︷ ︸

≈ qn+1(θ|x)−qn(θ)

qn(θ)

.

be the expected growth rate of the belief in θ, when the current belief is q. We show that∫
S

∑
θ

λθr
γℓ
θ (q)πℓ(dq) ≤ 0, (4)

for all positive weight λ ∈ R|Θ|
+ , for all limit point πℓ. Now, choose λ∗ ∈ Ck∗. For any

q /∈ Ck∗, we have that

∑
x

p∗(x)

(∑
θ′ λ

∗
θ′pθ′(x)∑

θ′ qθ′pθ′(x)
− 1

)
≥
∑
x

p∗(x) log

(∑
θ′ λ

∗
θ′pθ′(x)∑

θ′ qθ′pθ′(x)

)
> 0,

where the first inequality follows from the concavity of the log and the second from the
definition of Ck∗. The left-hand side is the derivative of γ →

∑
θ λ

∗
θr

γ
θ (q) evaluated at γ =

0. Hence, for all q /∈ Ck∗, there exists γ(q) > 0 such that for all γ ≤ γ(q),
∑

θ λ
∗
θr

γ
θ (q) > 0.

Now, if we had a uniform γ0 > 0 such that
∑

θ λ
∗
θr

γ
θ (q) > 0 for all q /∈ Ck∗, for all γ ≤ γ0, and

Equation (4) was holding in equality, this would prove that no invariant distribution can
put strictly positive probability outside the set Ck∗ for all γ small enough. For instance,
when Ck∗ is the singleton {λ∗}, this would say that λ∗ is an invariant distribution of the
Markov chain for all γ small enough. This is not true in general. What we can show,
however, is that the same logic applies to appropriately chosen neighborhoods of Ck∗.
Choosing a sequence of such neighborhoods converging to Ck∗ then completes the proof.
In simple terms, for small enough γℓ, the invariant measure πℓ puts most of its mass on
Ck∗, but not all of it.

OBSERVATION-DEPENDENT WEIGHTS. Biases such as the self-confirmation bias re-
quire the weights of the updating rule (C-Bay) to depend on the realized signal xn at
period n and, possibly, the belief at period n − 1 (see, e.g., Rabin and Schrag (1999)).
Now, if each γn(x, q) is an arbitrary function of (x, q), there is little hope in characteriz-
ing the belief process. As Epstein et al. (2010) have already shown, there are instances,
where the process converges to a Dirac on a wrong state, even when the model is cor-
rectly specified. Similarly, as the blue curve in Figure 6 shows, the process may oscillate
perpetually.18

18To draw Figure 6, we have assumed that X = {0, 1}, Θ = {θ, θ′}, p∗(1) = 2/3, pθ(1) = 9/10 = pθ′(0), and
γn(x, q) = 1 if (B(x, q)− q)(1/2− q) > 0, and 1/n, otherwise, with q ∈ [0, 1] the belief about θ. In words, the
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Figure 6: Observation-dependent weights and oscillation

There is, however, a special case we can deal with. Assume that the weights can be
written as γn(x) = γn × α(x), where α(x) ∈ (0, 1] for all x ∈ X. With this formulation,
the weights are independent of the current belief. In addition, the relative weights
γn(x)/γn(y) are independent of the number n of observations. If the agent reacts more to
the observation x than y, he continues to do so throughout. With this formulation, we
can rewrite the Robbins-Monro algorithm as:

qn+1 − qn = γn+1

(
Ĥ(qn) + Ûn+1

)
,

where Ĥ is the function from S to R|Θ|, whose θ-coordinate is

Ĥθ(q) := qθ

(∑
x

p∗(x)α(x)

(
pθ(x)∑

θ′ qθ′pθ′(x)
− 1

))
,

and (Ûn)n the bounded martingale difference

Ûn+1 := α(xn+1)B(qn, xn+1)− Ep∗ [α(xn+1)B(qn, xn+1)].

The analysis is then identical to the one in Section 3. In particular, if we denote p∗α(x) :=
p∗(x)α(x)∑
x′ p

∗(x′)α(x′)
the as-if data generating process, it is immediate to see that the predictive

process converges almost surely to:

arg max
p∈coP

∑
x∈X

p∗α(x) log p(x).

agent updates as a Bayesian when the observation contradicts his belief and is conservative, otherwise.
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In the special case where p∗α ∈ coP, the predictive process converges to p∗α, which can be
closer to p∗ than any of the pθ ’s are.

Example 4 There are two states A and B, two possible observations a and b, and pA(a) >

pB(a), that is, observing a (resp., b) is more likely when the state is A (resp., B). Assume
that the agent initially believes that A is more likely, i.e., q0(A) > 1/2 and let α(a) > α(b).
This simple setting captures a form of prior dependence, where the agent reacts more
to information that confirms his initial belief. It is an extreme form of prior dependence,
though, as the agent continues to react more to observation a, even when his current belief
qn indicates that B is the most likely state. The as-if data-generating process is:

p∗α(a) =
p∗(a)α(a)

p∗(a)α(a) + p∗(b)α(b)
> p∗(a),

i.e., it is as-if the agent learns in an environment where the data-generating process is
distorted towards a, the observation most indicative of A. For a concrete example, let
p∗(a) = 2/3, pA(a) = pB(b) = 3/4, α(a) = 3/4 and α(b) = 1/4, so that p∗α(a) = 6/7. The
agent’s predictive process converges to pA, the same limiting predictive process a Bayesian
agent would converge to. If, however, the prior dependence is weaker, say α(a) = 2/3 and
α(b) = 1/2, then the predictive process converges to (8/11, 3/11), which is strictly closer to
the true data-generating process than pA.

So far, we have assumed that the weights are independent of the current belief qn.
Within the context of Example 4, suppose instead that we write the updating weights as
γn+1 × α(xn+1, qn), with α(a, q) = α+ = α(b, 1 − q) when q > 1/2, α(a, 1 − q) = α− = α(b, q)

when q < 1/2, and 1 ≥ α+ > α− ≥ 0. When q = 1/2, let α(a, 1/2) = α(b, 1/2) = α. Thus,
if the agent observes a (resp. b) when he currently believes A (resp. B) to be the most
likely state, he revises his belief towards the Bayesian posterior more than when he ob-
serves b (resp., a). This is a weaker form of “prior” dependence: The agent reacts more
to information at period n+ 1 that confirms the belief qn they had at the end of period n.
This updating process continues to be a Robbins-Monro algorithm with the function Ĥ:

Ĥ(q) :=


p∗(a)

[
pA(a)q

pA(a)q+pB(a)(1−q)

]
α+ + p∗(b)

[
pA(b)q

pA(b)q+pB(b)(1−q)

]
α−, q > 1/2,

p∗(a)
[

pA(a)
pA(a)+pB(a)

]
α + p∗(b)

[
pA(b)

pA(b)+pB(b)

]
α, q = 1/2,

p∗(a)
[

pA(a)q
pA(a)q+pB(a)(1−q)

]
α− + p∗(b)

[
pA(b)q

pA(b)q+pB(b)(1−q)

]
α+, q < 1/2.

For a concrete example, let p∗(a) = 2/3, pA(a) = pB(b) = 3/4, α+ = 3/4, α− = 1/4, and
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α = 1/2. The function Ĥ is then

Ĥ(q) :=


2
3

[
3q

1+2q
− q
]

3
4
+ 1

3

[
q

3−2q
− q
]

1
4

q > 1/2,

1
24

q = 1/2,

2
3

[
3q

1+2q
− q
]

1
4
+ 1

3

[
q

3−2q
− q
]

3
4

q < 1/2.

We plot the function Ĥ in Figure 7. It is immediate to verify that Ĥ has three zeroes:
q = 0, q = 3/10, and q = 1, the latter two being locally stable.

0.2 0.4 0.6 0.8 1.0

-0.02

0.02

0.04

0.06

0.08

0.10

Figure 7: The function Ĥ

The local stability of q = 3/10 and q = 1 is not surprising. Since α(x, ·) is constant in q

for all q < 1/2, the cross-entropy

∑
x∈{a,b}

p∗(x)α(x, 0)∑
x′{a,b} p

∗(x′)α(x′, 0)
log (qpA(x) + (1− q)pB(x))

is maximized with respect to q ∈ [0, 1/2) in a stable zero of Ĥ, restricted to that sub-
domain. It is immediate to verify that q = 3/10 is indeed the maximizer. A symmetric
argument applies for all q > 1/2.

To sum up, our main insight, that some non-Bayesian updating can outperform Bayesian
updating in misspecified environments, is not limited to the setting in Section 3.
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4.2 Generalized Bayes Rule

A related updating rule is the generalized Bayes rule, where the revised belief qn+1(θ) is
proportional to

qn(θ)pθ(xn+1)
γn+1 ,

when the agent observes xn+1, γn+1 ∈ [0, 1]. The generalized Bayes rule is a special
case of the Grether (1980) rule, captures some form of underreaction to new information
and corresponds to Bayes rule when γn+1 = 1. Recent contributions in statistics, e.g.,
Grünwald and Van Ommen (2017) and Grünwald and Mehta (2020), advocate the use
of the generalized Bayes rule, particularly as a method to correct for inconsistencies in
Bayesian inference problems.

We now argue that its long-run properties are markedly different from the rule (C-Bay).
To ease the discussion, assume that there exists a unique pθ∗, which maximizes the
cross-entropy V , that is, V (pθ∗) > V (pθ) for all θ ̸= θ∗. When the observations up to
period n+ 1 are (x1, . . . , xn+1), we have that

log

(
qn+1(θ

∗)

qn+1(θ)

)
= log

(
q0(θ

∗)

q0(θ)

)
+

n+1∑
i=1

γi log

(
pθ∗(xi)

pθ(xi)

)
,

≥ log

(
q0(θ

∗)

q0(θ)

)
+

n
[(

max
i=1,...,n+1

γi

) 1

n+ 1

n+1∑
i=1

log pθ∗(xi)−
(

min
i=1,...,n+1

γi

) 1

n+ 1

n+1∑
i=1,...,n+1

log pθ(xi)
]
.

The strong law of large numbers implies that limn→+∞
1

n+1

∑n+1
i=1 log pθ̂(xi) = V (pθ̂) almost

surely for all θ̂, hence the term into bracket converges to a strictly positive number
since V (pθ∗) > V (pθ). Therefore,

(
log
(

qn+1(θ∗)
qn+1(θ)

))
n

converges to +∞ and, consequently,
(qn+1(θ

∗))n converges to one almost surely. The generalized Bayes rule thus converges
to the same degenerated belief as Bayes rule, in sharp contrast with the updating rule
(C-Bay).

Thus, despite the similarities of the two rules, their asymptotic properties are funda-
mentally different. Intuitively, this is because the two rules underreact to new infor-
mation on two different scales (linear vs. logarithmic), with the updating rule (C-Bay)
underreacting more and, consequently, protecting more against model’s misspecifica-
tion.
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4.3 Overreaction

We have assumed that the agent underreacts to news, i.e., γn < 1. If the agent over-
reacts to news, the convergence to a limit point or cycle is not guaranteed in general.
Intuitively, overreaction may lead to big swings in beliefs, which prevents them from
stabilizing. For an illustration, see Figure 8. Clearly, the belief process (the green curve)
is quite chaotic, with the beliefs varying wildly.19 There is therefore little hope for gen-
eral statements. We conjecture, however, that if (γn)n converges to 1, then we recover
the convergence to the closest distribution in P to p∗.

Figure 8: Overreaction and Oscillation

5 Literature

Two closely related papers are Heidhues et al. (2021) and Frick et al. (2023). Heidhues
et al. (2021) consider the following model. In each period n, the agent makes a decision
an and observes a signal qn, which depends on the decision an and an (unobservable) ex-
ternal factor xn. The authors assume that xn = θ+ϵn, where θ is a fixed parameter and ϵn

a realization of a normal distribution with mean zero and precision ρϵ. (The realizations
are independent.) When the agent makes the decision an and the external factor is xn,
the signal is qn = Q(an, xn), with Q strictly monotonic in x for all a. The agent, however,
perceives the relationship between decisions, external factors and signals to be Q̂, also

19To draw Figure 8, we have assumed that X = {0, 1}, Θ = {θ, θ′}, p∗(1) = 2/3, pθ(1) = 9/10 = pθ′(0),
and γn = 2 + 1/n. In instances where (1− γn)qn + γnB(xn+1, qn) > 1 (resp., < 0), we let qn+1 = 0.99 (resp.,
0.01).
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strictly monotonic in x for all a. The agent is Bayesian and initially believes that the
unknown mean θ is normally distributed with mean zero and precision ρ0. Thus, upon
observing qn after having chosen an, the agent thinks that the realized external factor is
x̂n, the unique solution to Q̂(an, x) = qn, which may differ from the truly realized xn. At
period n, the agent’s expectation θ̂n of the mean therefore satisfies:

θ̂n = θ̂n−1 + γn[x̂n − θ̂n−1],where γn =
ρϵ

nρϵ + ρ0
.

Heidhues et al. (2021) rewrite the evolution of θ̂n as a Robbins-Monro algorithm and
prove almost sure convergence. (This discussion sidesteps an important issue, namely
that, x̂n depends on the decision made an.) While Heidhues et al. (2021) frame their
problem as an active learning problem, they also explain how we can reframe it as a
learning problem with non-Bayesian updating. For instance, the model accommodates
underreaction for specifications of Q and Q̂ such that xn > x̂n > 0 and xn < x̂n < 0. The
model can also accommodate base-rate neglect and the confirmatory bias. If we interpret
any deviation from xn as a departure from Bayesian updating, as the authors do, then
Bayesian updating corresponds to xn = x̂n, that is, for all decisions made, the agent’s
model is correct (and, thus, learns θ). Unlike our framework, their framework is not
flexible enough to cleanly decouple the updating rule from the agent’s misspecification.
We stress that non-Bayesian updating in misspecified models was not their focus. We
differ in two other important ways. First, we do not restrict attention to a particular
family of distributions, such as the normal distributions. Second, we not only prove
that the belief process converges almost surely, but also fully characterize the limit set.
Heidhues et al. (2021) only prove convergence. In common, we use the ODE method
to characterize the limit set of our stochastic approximation algorithm. See Bervoets
et al. (2020), Esponda et al. (2021), Gagnon-Bartsch and Bushong (2022) and Danenberg
and Fudenberg (2024) for some other recent applications of stochastic approximation in
Economics and Marcet and Sargent (1989) for an earlier application.

Frick et al. (2023) propose a general model of Bayesian learning, where the true and
perceived data generating processes p∗q ∈ ∆(X) and pθ, q ∈ ∆(X), θ ∈ Θ, may depend
on the current belief q ∈ S. The model is flexible enough to accommodate some depar-
tures from Bayesian updating as well as several models of active and social learning (in
the latter case the dependence on the current beliefs is through the actions chosen). In
particular, as we have already argued, the updating rule (C-Bay) induces the same pos-
teriors than the Bayesian updating of the “as-if” data generating processes pγθ,q ∈ ∆(X),
where pγθ,q(x) := (1 − γ)(

∑
θ′ qθ′pθ′(x)) + γpθ(x) for all (x, θ), when the current belief is

q. The results of Frick et al. (2023) are not applicable to our problem, however. First,
their model cannot capture weights that depend on the number n of observations, as we
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do. Second, and most importantly, their results provide conditions for the (in)stability
of degenerated beliefs δθ, θ ∈ Θ. None of their results addresses the stability proper-
ties of interior beliefs. For other related papers on learning in misspecified models, see
Esponda and Pouzo (2016), Fudenberg et al. (2017), Heidhues et al. (2018), Frick et al.
(2020), Fudenberg et al. (2021), Bohren and Hauser (2021), and Lanzani (2022).

Relatedly, Frick et al. (2024) compare misspecified models in the spirit of Blackwell
(1951). More precisely, consider two statistical models P1 := (p1θ)θ and P2 := (p2θ)θ

and assume that the true model is P∗ := (p∗θ)θ. The idea is to compare the expected
payoff the agent would obtain if his decisions are based on either model. Formally,
let F be a non-empty set of payoff acts f : Θ → R and f i

F(x1, . . . , xn) a solution to
maxf∈F E[f |(x1, . . . , xn),P i], that is, f i

F(x1, . . . , xn) maximizes the agent’s expected pay-
off given the observations (x1, . . . , xn) and the model P i. (The authors assume Bayesian
updating, but as already explained, some choices of P i are equivalent to non-Bayesian
updating.) The model P1 outperforms the model P2 if there exists n∗ such that for all
n ≥ n∗, EP∗ [f 1

F(x1, . . . , xn)] ≥ EP∗ [f 2
F(x1, . . . , xn)] for all decision problems F . Frick et al.

(2024) provide tight conditions for one model to outperform the other. There are no diffi-
culties to adapt their definitions to our framework. It is, however, unclear how to adapt
their results, since the updating rule (C-Bay) necessitates a model, which changes with
the current belief and the number of observations. Intuitively, though, when p∗ ∈ coP,
the updating rule (C-Bay) converges to the true data-generating process, while Bayesian
updating does not. For large enough n, the updating rule (C-Bay) therefore outperforms
Bayesian updating, in the sense of Frick et al. (2024). Even when p∗ /∈ coP, the updating
rule (C-Bay) comes closer to the true data-generating process, hence there are decision
problems (e.g., scoring problems), where it again outperforms Bayesian updating.

Finally, we have established that the updating rule (C-Bay) induces (random) sequences
of beliefs converging to solutions of

max
q∈∆(Θ)

∑
x∈X

p∗(x) ln

(∑
θ

qθpθ(x)

)
. (M)

This maximization problem (M) has a well-known antecedent in Information Theory
and Finance, where it is known as the Kelly (1956) problem.20 In Kelly model, there is
an investor with initial wealth W0, |Θ| assets, and |X| states, with p∗ the distribution
over states. States are i.i.d drawn. Asset θ returns pθ(x), when the state is x. At each
period, the investor chooses a portfolio q, with qθ the fraction of the current wealth
allocated to asset θ. Kelly assumes that the investor’s objective is to maximize the long-
term growth rate of wealth and shows that there exists an optimal stationary strategy

20We thank Jakub Steiner and Larry Samuelson for drawing our attention to this literature.

24



that consists in choosing the portfolio q∗ at each period, where q∗ is a solution to (M).
For a detailed exposition, see Cover and Thomas (2006).

More closely related to our work, Cover (1984) and Cover and Gluss (1986) develop al-
gorithms for solving (M). Neither, however, coincides with the updating rule (C-Bay).
Cover (1984) assumes that the distribution p∗ is known and proposes a gradient-ascent
procedure. The procedure depends on p∗ and, thus, differs from the procedure (C-Bay).
Like us, Cover and Gluss (1986) assume that p∗ is unknown. Their approach, however,
differs substantially from ours. Roughly, their algorithm computes sequences of solu-
tions to (M), substituting p∗ for the corresponding empirical distributions.

6 Proofs

6.1 Proof of Theorem 1

We equip the space S with the metric d(q, q′) := maxθ∈Θ |qθ − q′θ|.

The proof uses methods and results from stochastic approximation theory. We refer the
reader to Benaı̈m (1999) for a short exposition and to Borkar (2008) and Kushner and
Yin (2003) for book-length treatments.

The roadmap is as follows. We first rewrite the updating rule (C-Bay) as a Robbins-
Monro algorithm, with associated ODE q̇(t) = H(q(t)). We then analyze the associated
ODE. In particular, we show that the cross-entropy map V is a Lyapunov function for
the associated flow and that the set E can be decomposed into finitely many closed
convex (hence, connected) components (the decomposition is unique). By Proposition 6.4
in Benaı̈m (1999), the (random) limit set of (qn)n is included in a closed connected subset
of E. Finally, we show that the probability to converge to the component that maximizes
the cross-entropy is one.

We rewrite the updating rule (C-Bay) as:

qn+1 = qn + γn+1 [B(qn, xn+1)− qn]

= qn + γn+1 [H(qn) + Un+1] ,

where (Un)n is the bounded martingale difference with Un+1 := B(qn, xn+1)−Ep∗ [B(qn,xn+1]

when the realized signal is xn+1, and H(qn) := Ep∗ [B(qn,xn+1)]− qn.

The ODE associated with the random process (qn)n is

q̇(t) = H(q(t)). (5)
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For further reference, note that the component-wise system is given by

q̇θ(t) = qθ(t)(−1 + fθ(q(t))), with fθ(q) :=
∑
x

p∗(x)
pθ(x)∑

θ′ qθ′pθ′(x)
, ∀θ ∈ Θ. (6)

We first show that the cross-entropy map V grows along the trajectory of the dynamics
(5).

Lemma 1 V is a strict Lyapunov function for the flow ϕt associated to (5), meaning that,
along any non-stationary solution curve (q(t))t≥0 we have d

dt
V (q(t)) > 0.

Proof of Lemma 1 Note that

d

dt
V (q(t)) = ⟨∇V (q(t)), q̇(t)⟩ = G(q(t))

for all t ≥ 0, where G(q) :=
∑

θ
∂V
∂qθ

(q)qθ(−1 + fθ(q)).

Since
∂V

∂qθ
(q) =

∑
x∈X

p∗(x)
pθ(x)∑

θ′∈Θ pθ′(x)qθ′
= fθ(q),

we have

G(q) =
∑
θ∈Θ

qθfθ(q)(−1 + fθ(q)) =
∑
θ∈Θ

qθ (−1 + fθ(q))
2 +

∑
θ∈Θ

qθfθ(q)−
∑
θ∈Θ

qθ.

Notice that
∑

θ∈Θ qθfθ(q) = 1, and since
∑

θ∈Θ qθ = 1, we have G(q) ≥ 0, with equality if
and only if fθ(q) = 1 for all θ such that qθ > 0. Hence, G(q) ≥ 0 with equality if and only
if q ∈ E, which concludes the proof. ■

Lemma 1 implies that the only invariant sets for the flow are connected components of
E, the set of zeroes of H. By Proposition 6.4 in Benaı̈m (1999), it also implies that L(qn),
the (random) limit set of (qn)n, is included in a closed connected subset of E.21 We now
characterize E.

Lemma 2 (i) The set E is a finite union of disjoint non-empty compact and convex
components: there exists K < +∞ such that E =

⋃K
k=1Ck, where each Ck is a non-

empty compact convex subset of S and Ck ∩ Ck′ = ∅ for all (k, k′) with k ̸= k′.
(ii) The cross-entropy V takes the constant value V (Ck) on each component Ck, and there

exists a unique k∗ such that V (Ck∗) > V (q) for all q /∈ Ck∗.
21The decomposition of a set into its connected components is always unique.
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Proof of Lemma 2 For any non-empty subset Θ̂ of Θ, we write FΘ̂ for the subset of S:

FΘ̂ :=
{
q ∈ S : qθ = 0 iff θ /∈ Θ̂

}
.

In particular, FΘ = S∗ and F{θ} = {δθ}.

Recall that q ∈ E if and only if
qθ(fθ(q)− 1) = 0,

for all θ. Consider the constrained maximization problem maxq∈F
Θ̂
V (q), that is,

max
q∈R|Θ|

V (q),

subject to
∑

θ∈Θ̂ qθ = 1, qθ > 0 for all θ ∈ Θ̂ and qθ = 0 for all θ /∈ Θ̂. If a solution exists, for
all θ ∈ Θ̂, the first-order condition with respect qθ satisfies

fθ(q) :=
∑
x

p∗(x)
pθ(x)∑

θ′ qθ′pθ′(x)
= λ,

where λ is the Kuhn-Tucker multiplier associated with
∑

θ∈Θ̂ qθ = 1. (The complemen-
tary slackness condition implies that the multipliers associated with qθ > 0 for all θ ∈ Θ̂

are all zero.) Multiplying each equation by qθ and summing over θ ∈ Θ̂, we get

∑
θ∈Θ

qθfθ(q) = λ
∑
θ∈Θ

qθ = λ.

Since the left hand-side is equal to 1, it follows that

fθ(q) = 1 for all θ ∈ Θ̂.

Therefore, at a maximum, we have

qθ(fθ(q)− 1) = 0,

for all θ ∈ Θ, i.e., it is a zero of H. Since V is concave, the converse is also true by
the Kuhn-Tucker-Karush theorem. It follows that E is the union of the sets SΘ̂ :=

argmaxq∈F
Θ̂
V (q) over all possible non-empty subsets Θ̂ of Θ.

Since V is concave, SΘ̂ is convex for all Θ̂. We write V (SΘ̂) for the value taken by V on
SΘ̂. We now construct the decomposition from the sets SΘ̂.

Let T :=
{
Θ̂ ⊆ Θ : SΘ̂ ̸= ∅

}
. Given (Θ̂, Θ̂′) ∈ T×T say that Θ̂ ∼ Θ̂′ if there exists a family
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{Θ̂k}k=0,...,K such that Θ̂ = Θ̂0, Θ̂′ = Θ̂K , and dist
(
SΘ̂k

, SΘ̂k+1

)
= 0 for k = 0, ..., K−1.22 The

binary relation ∼ is an equivalence relation. Let (Ck)k=1,...,K be its equivalence classes
(note that K ≤ 2|Θ| − 1) and Ck :=

⋃
Θ̂∈Ck SΘ̂. To conclude the proof, we need to show that

Ck is closed and convex, and that the global maximum of V is attained on only one of
these sets.

We first show that Ck is closed: let (qi)i be a sequence in Ck and suppose that limi→+∞ qi =

q, with q ∈ FΘ̂. By continuity, V (q) = V (Ck). Moreover, for i large enough, qiθ > 0, for
all θ ∈ Θ̂. Assume by contradiction that q /∈ SΘ̂, then there exists q̃ ∈ FΘ̂ such that
V (q̃) > V (q). There exists a sequence q̃i such that q̃i is in the same face as qi, and
limi→+∞ q̃i = q̃. Therefore

lim
i→+∞

V (qi) = V (q) < V (q̃) = lim
i→+∞

V (q̃i),

implying that, for large enough i, V (q̃i) > V (qi). This contradicts the fact that qi maxi-
mizes V on the face it belongs to. Therefore, q ∈ SΘ̂ for some Θ̂ ∈ Ck. Consequently, the
collection {Ck} is composed of closed, connected, pairwise disjoint sets, and

E =
K⋃
k=1

Ck. (7)

We now argue that Ck is convex, for k = 1, ..., K. Define W : ∆(X) → R as follows:

p ∈ ∆(X) 7→ W (p) :=
∑
x

p∗(x) log p(x).

Since p∗ has full support on X, W is strictly concave on ∆(X).23 Let L : S → ∆(X)

be the linear map q 7→ (
∑

θ qθpθ(x))x∈X . By linearity, L(SΘ̂) is a convex subset of ∆(X).
By strict concavity of W , W is constant on L(SΘ̂) if, and only if, L(SΘ̂) is a singleton.
Since V is constant on SΘ̂, and V = W ◦ L, this implies that L(SΘ̂) is a singleton. Call
pΘ̂ := {L(SΘ̂)} ∈ ∆(X). By continuity of L, pΘ̂ = pΘ̂′ for (Θ̂, Θ̂′) ∈ Ck × Ck, so that L is
constant on Ck (notice that this is stronger than stating that V is constant along Ck).
Let (q, q′) ∈ Ck × Ck, with q ∈ SΘ̂, q

′ ∈ SΘ̂′, and λ ∈ (0, 1). Then, if q′′ := λq + (1− λ)q′, we
have L(q′′) = L (λq + (1− λ)q′) = λL(q) + (1 − λ)L(q′) = L(Ck). Since q and q′ are zeroes
of H, we have

1 = fθ(q) =
∑
x

p∗(x)
pθ(x)

L(Ck)(x)
, ∀θ ∈ Θ̂, and 1 = fθ(q) =

∑
x

p∗(x)
pθ(x)

L(Ck)(x)
, ∀θ ∈ Θ̂′.

22The distance is the Hausdorff distance between subsets of S, with S equipped with the total variation
metric.

23More generally, if the support of p∗ is not X, the argument remains valid if we restrict W to the
support of p∗.
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Now, let θ be such that q′′θ ̸= 0. then either qθ ̸= 0 or q′θ ̸= 0. In other terms, θ ∈ Θ̂ ∪ Θ̂′.
Since λ ∈ (0, 1), q′′θ > 0 if and only if θ ∈ Θ̂ ∪ Θ̂′. Moreover,

fθ(q
′′) =

∑
x

p∗(x)
pθ(x)

L(q′′)(x)
=
∑
x

p∗(x)
pθ(x)

L(Ck)(x)
= 1,

for all θ ∈ Θ̂ ∪ Θ̂′. Hence, q′′ is a zero of H in SΘ̂∪Θ̂′ and, consequently, co (Ck) ⊆ E. It
follows that ∪k′Ck′ = E = ∪k′co (Ck′). Now, if Ck ̸= co (Ck), then co (Ck) ⊆ ∪k′ ̸=kCk′, a
contradiction with the fact that the components are pairwise disjoint. Therefore, Ck =

co (Ck), that is, Ck is convex.

Finally, since argmaxq∈S V (q) is a convex set, there exists a unique index k∗ ∈ {1, ..., K}
such that Ck∗ = argmaxq∈S V (q). This concludes the proof. ■

The final step consists in proving that the convergence to any Ck with k ̸= k∗ has prob-
ability zero. The following observations play a crucial role. Since Ck is convex (and not
merely connected), the set Ck admits a maximal element, that is, there exists Θ̂(k) ∈ Ck
such that Θ̂ ⊂ Θ̂(k), for all Θ̂ ∈ Ck \ {Θ̂(k)}. We call Θ̂(k) the support of Ck. By construc-
tion, for k ̸= k∗, Θ̂(k) ̸= Θ. We also have:

Lemma 3 For all k ̸= k∗, the set Θ̂(k∗) \ Θ̂(k) is non-empty.

Proof of Lemma 3 If it were not the case, we would have Θ̂(k∗) ⊆ Θ̂(k). Therefore,
maxq∈∆(Θ̂(k∗)) V ≤ maxq∈∆(Θ̂(k)) V and, thus, V (Ck∗) ≤ V (Ck), a contradiction. ■

We are now ready to state and prove the final step in the proof.

Lemma 4 For all k ̸= k∗, P (L(qn) ⊆ Ck) = 0.

Proof of Lemma 4 Recall that Ck =
⋃

Θ̂∈Ck SΘ̂. Pick q∗ ∈ FΘ̂(k∗), and let

Θ3 :=
⋃
q∈Ck

{θ ∈ Θ : q∗θ > 0, qθ = 0} .

For q̂ ∈ Ck, define Θ1(q̂) := {θ ∈ Θ : q∗θ = q̂θ = 0}, and Θ2(q̂) := {θ /∈ Θ3 : q̂θ > 0}.

By Lemma 3, there exists θ∗ ∈ Θ3 such that q̂θ∗ = 0 for all q̂ ∈ Ck. We stress that the sets
Θ1(q̂) and Θ2(q̂) depend on the face q̂ belongs to.

By strict concavity of V on co {q∗, q̂}, we have ∂
∂t
V (tq∗ + (1− t)q̂) > 0. Hence,

0 <
∑
θ∈Θ

(q∗θ − q̂θ)fθ(q̂) =
∑
θ∈Θ

q∗θfθ(q̂)− 1 =
∑

θ∈Θ2(q̂)∪Θ3

q∗θfθ(q̂)− 1 =
∑

θ∈Θ2(q̂)

q∗θ +
∑
θ∈Θ3

q∗θfθ(q̂)− 1.
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Thus,
∑

θ∈Θ3
q∗θfθ(q̂) > 1−

∑
θ∈Θ2(q̂)

q∗θ . Since
∑

θ∈Θ2(q̂)∪Θ3
q∗θ = 1,

∑
θ∈Θ3

µθfθ(q̂) > 1, ∀q̂ ∈ Ck,

where µθ :=
q∗θ∑

θ∈Θ3
q∗θ

, for all θ ∈ Θ3.

By compactness of Ck, there exists ε > 0 such that
∑

θ∈Θ3
µθfθ(q̂) > 1 + 3ε, for all q̂ ∈ Ck.

By continuity of fθ, there exists an open neighborhood U of Ck (in S) such that

inf
q̂∈U

∑
θ∈Θ3

µθfθ(q̂) > 1 + 2ε.

Note that, if qθ > 0, then 0 ≤ Bθ(q,x)
qθ

= pθ(x)∑
θ′ qθ′pθ′ (x)

≤ pθ(x)
minθ′∈Θ pθ′ (x)

< +∞ since pθ′(x) > 0 for
all (θ′, x).24 Let C(θ) := maxx∈X

pθ(x)
minθ′∈Θ pθ′ (x)

. If qn,θ > 0, it follows that

1− γn+1 + γn+1C(θ) ≥ qn+1,θ

qn,θ
= 1− γn+1 +

γn+1

qn,θ
Bθ(qn, xn+1) ≥ 1− γn+1. (8)

Since
qn+1,θ

qn,θ
= 1 + γn+1

(
−1 + fθ(qn) +

Un+1,θ

qn,θ

)
. (9)

we can combining (8) and (9) to obtain C(θ)− 1 ≥ −1 + fθ(qn) +
Un+1,θ

qn,θ
≥ −1, for all n.

From the Stochastic Taylor Theorem (see e.g. Aliprantis and Border (1999), Theorem
17.17 p. 569), for any n ∈ N∗, there exists a random variable ζn, such that |ζn| ≤
γn+1

(
−1 + fθ(qn) +

Un+1,θ

qn,θ

)
, and

log

(
qn+1,θ

qn,θ

)
= γn+1

(
−1 + fθ(qn) +

Un+1,θ

qn,θ

)
− 1

(1 + ζn)2
γ2
n+1

(
−1 + fθ(qn) +

Un+1,θ

qn,θ

)2

.

Defining zn :=
∑

θ∈Θ3
µθ log qn,θ, it follows that

zn+1 − zn =
∑
θ∈Θ3

µθ log

(
qn+1,θ

qn,θ

)
=

∑
θ∈Θ3

µθ log

(
1 + γn+1

(
−1 + fθ(qn) +

Un+1,θ

qn,θ

))
= γn+1

∑
θ∈Θ3

µθ

(
−1 + fθ(qn) +

Un+1,θ

qn,θ

)
−Kn+1γn+12 ,

where Kn+1 :=
1

(1+ζn)2

(
−1 + fθ(qn) +

Un+1,θ

qn,θ

)2
. Note that for n large enough |Kn+1| ≤ K :=

24Again, if the support of p∗ was a strict subset the support of each pθ′ , the analysis would hold for all x
in the support of p∗.
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2max{1, (C(θ)− 1)2}. |ζn| ≤ 1/2. Taking the conditional expectation, we get

E (zn+1 | Fn)− zn = γn+1

∑
θ∈Θ3

µθ (−1 + fθ(qn))− γ2
n+1E (Kn+1 | Fn) ≥ γn+1ε−Kγ2

n+1,

on the event {qn ∈ U}, for large enough n. Assume by contradiction that P (L(qn) ⊆ U) >

0. Since
{L(qn) ⊆ U} ⊆

⋃
N∈N

{qn ∈ U, ∀n ≥ N} ,

there exists N̄ ∈ N such that

P
(
qn ∈ U, ∀n ≥ N̄

)
> 0.

However, on the event
{
qn ∈ U, ∀n ≥ N̄

}
, we have

∑
θ∈Θ3

µθ (−1 + fθ(qn)) > ε for all n ≥
N̄ , implying that, for any n > N̄ ,

E(zn+1) ≥ E(zN̄) + ε
n∑

m=N̄

γn+1 −K
n∑

m=N̄

γ2
n+1.

Thus, on the event
{
qn ∈ U, ∀n ≥ N̄

}
, we have limn→+∞ E(zn) = +∞, which cannot hap-

pen since zn ≤ 0. Therefore P
(
qn ∈ U, ∀n ≥ N̄

)
= 0, the desired contradiction. ■

6.2 Proof of Proposition 1

Let q̃ ∈ S∗ be a zero of H, that is, for all θ ∈ Θ,

1 = fθ(q̃) =
∑
x∈X

p∗(x)∑
θ′ pθ′(x)q̃θ′

pθ(x).

Define u ∈ R|X| as u(x) := p∗(x)∑
θ′ pθ′ (x)q̃θ′

. We have

⟨u, pθ − pθ′⟩ = 0, ∀θ, θ′.

Since the family {pθ}θ∈Θ is full, this means that u is orthogonal to all vectors in the
tangent space {v ∈ R|X| :

∑
x∈X vx = 0}, that is, u is proportional to the unit vector

(1, . . . , 1). Therefore, there exists a real number µ such that p∗(x) = µ
∑

θ′ pθ′(x)q̃θ′, for all
x ∈ X. Summing over X, we obtain that µ = 1. Hence p∗ =

∑
θ∈Θ pθq̃θ, and q̃ ∈ Λ, which

completes the proof.
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6.3 Proof of Proposition 2

Let Θ̂ be a non-empty subset of Θ. The argmax of the map p ∈ co {pθ}θ∈Θ̂ 7→ W (p) is
a singleton, {p̄}, by convexity of co {pθ}θ∈Θ̂ and strict concavity of W . Since the family
is free and |Θ̂| ≤ |Θ| ≤ |X|, the map µ : q 7→

∑
θ∈Θ qθpθ is injective from FΘ̂ to ∆(X).

Therefore, there exists a unique q̄ ∈ FΘ̂ such that µ(q̄) = p̄.

6.4 Proof of Theorem 3

Recall that Theorem 3 characterizes the long-run properties of the updating process
when the updating weights are constant, i.e., γn = γ > 0 for all n. The proof borrows and
adapts ideas from the recent work of Benaı̈m and Schreiber (2019).

We consider the family of random processes {(qγn)n}, where qγ0 = q0 ∈ S∗, and (qγn)n is
recursively given by

qγn+1 = (1− γ)qγn + γB (qγn, xn+1) . (10)

It will be convenient to rewrite the recursive formula (10) component-wise as follows:
for θ ∈ Θ,

qγn+1,θ

qγn,θ
= F γ

θ (qγn, xn+1) , where F γ
θ (q, x) := (1− γ) + γ

pθ(x)∑
θ′ pθ′(x)qθ′

. (11)

Let Pγ be the transition kernel associated to the Markov chain (qγ(n))n. Given h ∈ C (S),
the set of continuous maps from S to R, define Pγh as

q ∈ S 7→ Pγh(q) := E [h(qγ1 ) | q
γ
0 = q] =

∫
S

h(λ)Pγ(q, dλ).

Given γ > 0, define the occupation measure up to time n as

Πγ
n :=

1

n

n−1∑
m=0

δqγm , where δq denotes the Dirac measure at q. (12)

We are interested in the asymptotic behavior of (Πγ
n)n, when γ gets small.

Following Benaı̈m and Schreiber (2019), define

rγθ (q) :=
∑
x∈X

p∗(x) logF γ
θ (q, x).

Intuitively, this quantity represents the expected growth of the belief in θ, when current
belief is q and observations are distributed according to p∗.
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Lemma 5 For all λ∗ ∈ Ck∗ and q ∈ S, the derivative of the mapping γ 7→
∑

θ∈Θ λ∗
θr

γ
θ (q)

evaluated in zero is non-negative, and equal to zero if, and only if, q ∈ Ck∗.

Consequently, for any q ∈ S \ Ck∗, there exists γ0(q) > 0 such that, for all 0 < γ < γ0(q)

and all λ∗ ∈ Ck∗, we have
∑

θ∈Θ λ∗
θr

γ
θ (q) > 0.

Proof of Lemma 5 Pick q ∈ S and λ∗ ∈ Ck∗. The derivative of rγθ (q) with respect to γ,
evaluated in γ = 0 is equal to

∑
x∈X

p∗(x)

(
pθ(x)∑

θ′∈Θ qθ′pθ′(x)
− 1

)

Hence, the derivative of γ 7→
∑

θ λ
∗
θr

γ
θ (q) evaluated in γ = 0 is equal to

∑
x∈X

p∗(x)

(∑
θ∈Θ λ∗

θpθ(x)∑
θ∈Θ qθpθ(x)

− 1

)
≥
∑
x∈X

p∗(x) log

(∑
θ∈Θ λ∗

θpθ(x)∑
θ∈Θ qθpθ(x)

)
≥ 0,

where the inequality follows from the concavity of the log. Moreover, by definition of Ck∗,
the right-hand side holds in equality if, and only if, q ∈ Ck∗. In addition, the quantity∑

θ∈Θ λ∗
θr

γ
θ (q) is equal to zero if γ = 0. Therefore, if q /∈ Ck∗, there exists γ(q) > 0 such

that, for any 0 < γ < γ(q), ∑
θ∈Θ

λ∗
θr

γ
θ (q) > 0.

This concludes the proof. ■

Remark 1 Note that there does not exist a uniform threshold γ0 > 0 on S\Ck∗: in words,
for any γ > 0, there might exist q ∈ S \ Ck∗ such that

∑
θ∈Θ λ∗

θr
γ
θ (q) < 0. However, a direct

consequence of this lemma is that, for any open set V such that Ck∗ ⊂ V , there exists
γ0 > 0 such that, for any γ < γ0

inf
q∈S\V

∑
θ∈Θ

λ∗
θr

γ
θ (q) > 0.

An invariant probability measure for (qγn)n is a probability measure π on S such that∫
S

h(q)π(dq) =

∫
S

Pγh(q)π(dq), for all h ∈ C (S) . (13)

The set of such invariant probability distributions is denoted Inv (Pγ). It is a compact
and convex subset of P(S). Its extreme points are the so-called ergodic measures of Pγ.

Given π ∈ P(S) and θ ∈ Θ, define the quantity rγθ (π) :=
∫
S
rγθ (q)π(dq). It is the expected

growth of the belief in θ if the current belief is distributed according to π. Proposition 1
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in Benaı̈m and Schreiber (2019) states the following: if π is an ergodic measure (for Pγ)
then

lim
n→+∞

1

n

n−1∑
m=0

logF γ
θ (q

γ
m, xm+1) = rγθ (π) for π − almost every initial condition q0.

Moreover rγθ (π) = 0 for any θ ∈ Supp(π), where

Supp(π) := {θ ∈ Θ : π({q ∈ S : qθ > 0}) = 1} .

The intuition behind this is that, under stationary regime, the supported states have a
null expected growth.

Lemma 6 Let πγ be a weak* limit point of the sequence (Πγ
n)n. Then πγ ∈ Inv(Pγ), and

∑
θ

λ∗
θr

γ
θ (π

γ) ≤ 0, for all λ∗ ∈ Ck∗ .

Proof of Lemma 6 Let πγ be a weak* limit point of the sequence (Πγ
n)n. By definition,

there exists an increasing sequence nk such that, for any h ∈ C (S),

∫
S

h(q)πγ(dq) = lim
k

∫
S

h(q)Πγ
nk
(dq) = lim

k

1

nk

nk−1∑
m=0

h(qγm)

and ∫
S

Pγh(q)π
γ(dq) = lim

k

1

nk

nk−1∑
m=0

Pγh(q
γ
m)

By Lemma 3(i) in Benaı̈m and Schreiber (2019), for any g ∈ C(S × X), denoting g(q) :=∑
x p

∗(x)g(q, x), we have

lim
n→+∞

∣∣∣∣∣
∑n−1

m=0 g(q
γ
m, xm+1)

n
−
∑n−1

m=0 g(q
γ
m)

n

∣∣∣∣∣ = 0, almost surely. (14)

Let g(q, x) := h (q ◦ Fγ(q, x)).25 Note that g(qγm, xm+1) = h (qγm ◦ Fγ (q
γ
m, xm+1)) = h

(
qγm+1

)
.

Since Pγh(q) =
∑

x∈X p∗(x)h(q ◦ Fγ(q, x)) = ḡ(q), and using (14), we get

lim
n→+∞

∣∣∣∣∣
∑n−1

m=0 h(q
γ
m+1)

n
−
∑n−1

m=0 Pγh(q
γ
m)

n

∣∣∣∣∣ = 0.

25We let q ◦ q′ denote the Hadamard product:(q ◦ q′)θ := qθq
′
θ
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Hence ∫
S

Pγh(q)π
γ(dq) = lim

k

1

nk

nk−1∑
m=0

Pγh(q
γ
m) = lim

k

1

nk

nk−1∑
m=0

h(qγm) =

∫
S

h(q)πγ(dq),

and (13) follows.

We now prove the second claim. Using identity (14) with g(q, x) =
∑

θ∈Θ λ∗
θ logF

γ
θ (q, x)

and using the fact that

n−1∑
m=0

logF γ
θ (qγm, xm+1) =

n−1∑
m=0

log
qγm+1,θ

qγm,θ

= log
qγn,θ
qγ0,θ

,

we obtain

lim
n→+∞

∑
θ∈Θ λ∗

θ

(
log qγn,θ − log qγ0,θ

)
−
∑n−1

m=0

∑
θ∈Θ λ∗

θ

∑
x∈X p∗(x) log

(
F γ
θ (qγm, x)

)
n

= 0.

Note that lim supn

∑
θ∈Θ λ∗

θ log qγn,θ

n
≤ 0 and limn→+∞

∑
θ∈Θ λ∗

θ log q
γ
0,θ

n
= 0. Moreover

lim
k→+∞

1

nk

nk−1∑
m=0

∑
x∈X

p∗(x) logF γ
θ (qγm, x) =

∫
S

∑
x∈X

p∗(x) logF γ
θ (q, x)π(dq) = rγθ (π

γ).

As a result, we obtain that
∑

θ∈Θ λ∗
θr

γ
θ (π

γ) ≤ 0. ■

Remark 2 It is worth noting that, even though π ∈ P(S) is such that π(S \ Ck∗) > 0, it
does not imply that there exists γ0 > 0 such that, for all γ < γ0,∑

θ∈Θ

λ∗
θr

γ
θ (π) > 0.

Indeed, regardless how small γ is, Supp(π) might contain points q such that
∑

θ∈Θ λ∗
θr

γ
θ (q) <

0.

Importantly, Lemmas 5 and 6 do not allow us to conclude that there exists γ0 > 0 such
that, for any 0 < γ < γ0, we have πγ(Ck∗) = 1. As a matter of fact, this statement cannot
hold, because an element of Inv(Pγ) cannot be supported by Ck∗. To see this, suppose for
the sake of simplicity that Ck∗ = {λ∗}. Then the distribution δ{λ∗} is not invariant for Pγ.

Definition 2 The measure π∗ ∈ ∆(S) is a limiting measure for the updating rule (C-Bay)
if there exists a sequence (γℓ, πℓ)ℓ∈N such that:

1. γℓ ↓ 0,
2. πℓ is a weak* limit point of (Πγℓ

n )n, for all ℓ,
3. limℓ πℓ = π∗ for the weak* topology.
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In words, the measure π∗ is a limiting measure if we can find a sequence of updating
weights (γℓ)ℓ and a corresponding sequence (πℓ)ℓ of limit points of (Πγℓ

n )n, which converges
to π∗ for the weak* topology. We then prove the following:

Theorem 3. Let π∗ be a limiting measure for the updating rule (C-Bay). The support of
π∗ is included in Ck∗.

Proof of Theorem 3 Let π∗ be a limiting measure and (γℓ, πℓ)ℓ∈N the corresponding
sequence of weights and invariant measures mentionned in Definition 2.

Pick any λ∗ ∈ Ck∗. Given γ > 0, q ∈ S, define

R∗(γ, q) :=
∑
θ∈Θ

λ∗
θr

γ
θ (q).

Note that R∗(0, q) = 0 and, by first point of Lemma 5,

R∗(γ, q) = R∗(0, q) + γ
∂R∗

∂γ
(0, q) + o(γ), for all q ∈ S.

Let O∗ be an open subset of S such that

⋃
k ̸=k∗

Ck ⊆ O, Ck∗ ⊆ O∗,

where O := S \ Cl(O∗). (Recall that the components (Ck)k=1,...,k∗ are compact, connected
and disjoint.)

Fix ε > 0. Choose O∗ small enough so that
∣∣∣supq∈Cl(O∗)

∂R∗

∂γ
(0, q)

∣∣∣ ≤ ε
2
. (Recall that the

derivative of R∗ is zero for all q ∈ Ck∗ and the derivative is continuous. Hence, such a
choice is always possible.) This implies that |R∗(γ, q)| ≤ ϵγ for all q ∈ Cl(O∗) and small
enough γ.

Now define c := 1
2
infq∈O

∂R∗

∂γ
(0, q) > 0. We then have R∗(γ, q) > cγ for all q ∈ O and small

enough γ.

Finally, for large enough ℓ,

R∗(γℓ, πℓ) =

∫
q∈Cl(O∗)

R∗(γℓ, q)πℓ(dq) +

∫
q∈O

R∗(γℓ, q)πℓ(dq)

> −εγℓπℓ(Cl(O
∗)) + cγℓπℓ (O)

By Lemma 6, R∗(γℓ, πℓ) ≤ 0, meaning that πℓ(O) < ε
c
πℓ(Cl(O

∗)) ≤ ε
c

for large enough ℓ.
Since O is open,

π∗(O) ≤ lim inf
ℓ→+∞

πℓ(O) <
ε

c
.

Since this inequality holds for any ε > 0, we have π∗(O) = 0. In particular, this proves
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that π∗ (N δ(Ck∗)
)
= 1, where N δ(Ck∗) is the δ-neighborhood of the set Ck∗. This concludes

the proof. ■

Remark 3 For any δ > 0, we have lim infℓ→+∞ πℓ(N
δ (Ck∗)) = 1.
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