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Abstract. This paper considers some aspects of the dynamics of income distribu- 
tions by employing a simple Markov chain model of income mobility. The main 
motivation of the paper is to introduce the techniques of "monotone" Markov 
chains to this field. The transition matrix of a discrete Markov chain is called 
monotone if each row stochastically dominates the row above it. It will be shown 
that by embedding the dynamics of the income distribution in a monotone Markov 
chain, a number of interesting results may be obtained in a straightforward and 
intuitive fashion. 

This paper analyses some aspects of the dynamics of income distributions by 
employing a simple.Markov chain model of income mobility. The main motivation 
of the paper is to introduce the techniques of "monotone" Markov chains to this 
field. The transition matrix of a discrete Markov chain is called monotone if each 
row stochastically dominates the row above it. Monotone transition matrices 
are defined and analyzed in Keilson and Kester (1977) and Conlisk (1990). Even 
though monotonicity is an ideal assumption to impose on a Markov chain of 
income mobility, being theoretically plausible, empirically supported and having 
a number of very convenient mathematical properties, monotone Markov chains 
do not  seem to be widely known and employed by economists. It will be shown that 
by embedding the dynamics of the income distribution in a monotone Markov 
chain, a number of interesting results may be obtained in a straightforward and 
intuitive fashion. 

The Markov chain framework is the workhorse of many theoretical and 
empirical studies of social and economic mobility: see e.g. Kemeny and Snell (1976) 
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for a simple but rigorous introduction to Markov chains, Bartholomew (1982) for 
a review of Markov chain models of social mobility and Atkinson, Bourguignon 
and Morrisson (1992) for applications to earnings mobility. Though the results 
presented in this paper are relevant to various intergenerational and intragenera- 
tional mobility contexts, it is convenient for presenting the results to specialize 
the discussion to the dynamics of the income distribution, where the states of the 
Markov chain denote income classes arranged in an increasing order. Note 
however that if the model is to be applied in a social or occupational mobility 
context, where states are occupational categories, care should be taken to define 
the states acording to an increasing social status scale. In fact, whenever the 
Markovian states are not ordered, the stochastic dominance concepts employed 
here would be meaningless. 

It is widely recognized that there are theoretical reasons for believing that the 
Markovian model may not hold exactly for income and social mobility processes. 
For example, even if the Markovian property might hold for a given classification 
of the states, we cannot in general rearrange the classes and retain the Markov 
property (Kemeny and Snell (1976)). In practice, social and income classes are 
drawn arbitrarily, and empirical studies (see e.g. Atkinson, Bourguignon and 
Morisson (1992)) tend to reject the Markov assumption. For example, Shorrocks 
(1976) rejects the first order Markov property, suggesting that transition probabil- 
ities may depend on past history beyond the immediately preceeding period. 
However, it is possible that rejection of the Markov property depends on the 
chosen income class boundaries; moreover, by appropriate redefinition of the 
Markov states, a second (or higher) order chain may be easily transformed to an 
equivalent first-order chain (see e.g. Billingsley (1961) for details). In short, as 
argued for example by Bartholomew (1982), it is sufficient that the Markov chain 
model embodies the main features of the income and social dynamics without 
being correct in every detail, since the model may be sufficiently near to reality to 
justify its further use and development. 

The next section of this paper will lay down the formal framework and 
introduce the main definitions needed in the sequel. Section three will consider the 
conditions which ensure that a dominance ranking of income distributions is 
maintained in the future, given that it holds in the present. This analysis may be 
considered as a discrete counterpart of Kanbur and Stromberg (1988); the discrete 
framework and the monotonicity assumption will hopefully make the analysis 
intuitively clear and the conditions themselves easy to derive. Section four analyzes 
the behavior of the income distribution over time and its relationship with the 
transition process under operation. Conditions will be given for the income 
distribution vectors to form a stochastically increasing sequence over time. 
Section five employs Conlisk's (1985) work on the comparative statics of discrete 
Markov chains to show how monotonicity may help signing the effect of various 
changes in the transition matrix on the equilibrium income distribution. Section six 
considers some aspects of the relationship between the mobility process and 
lifetime income. It is usually argued that permanent income is a better measure of 
the differences in opportunities faced by individuals in society than a single 
observation corresponding to a particular period of time. We consider the condi- 
tions which ensure that a reduction in inequality in the static distribution of 
income, for example owing to a change in the tax system, will imply a reduction in 
inequality in the distribution of lifetime income. Section seven proves formally the 
intuitive idea that a more mobile society changes the initial income distribution 
more rapidly than a less mobile society, using the mobility partial ordering 
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in t roduced in D a r d a n o n i  (1993). The last section contains some concluding 
remarks .  

1. Formal framework and definitions 

Consider  a discrete M a r k o v  chain with cons tant  n x n transi t ion matr ix  P; the 
typical element P~j is the probabi l i ty  that  an individual  in state i will be in s t a t e j  in 
the following period. Clearly, P >_ 0 and P1 = 1, where 1 is the n × 1 vector  of ones 
(here and hereafter, when an inequali ty symbol  invo.lves vectors and matrices,  we 
mean  that  the inequali ty is satisfied elementwise). P is assumed regular,  which 
means  that  for large enough integer k, pk is strictly positive (Pi k denotes the 
probabi l i ty  that  an individual goes f rom state i to s ta te j  in k periods), so that  when 
P is regular, after some number  of  transi t ions it is possible to be in any state no 
ma t t e r  what  the initial state. Regulari ty of P implies that  the n x 1 equil ibrium 
probabi l i ty  vector  n e exists and is the unique solut ion to n e' = ne'P. We assume 
that  t ransi t ions are independent  across individuals, and P is cons tant  over  time. 

It  is convenient  for presenting our  results to specialize the discussion to an 
income mobi l i ty  context,  with y denot ing an n × 1 vector whose componen t s  
measure  income in state i = 1, 2, . . . ,  n. Adopt ing  the convent ion that  income states 
are ordered f rom worst  to best, we let Yl < Y2 <- " ' "  ~ Yn. The equil ibrium distri- 
but ion  of income is the pair  In  e, y ] ;  in equil ibrium an individual chosen at r a n d o m  
will have income yi with probabi l i ty  n e. Clearly, if the model  is to be applied in 
a social or occupat ional  mobi ly  context,  care should be taken to rank  the "social 
states" in an increasing order. 

The  probabi l i ty  vector  n(t) denotes the (expected) "spot"  income distr ibution 
at t ime t, where n(t)~ gives the p ropor t ion  of individuals in state i at t ime t, 
and n(t)' = n(0) 'P t. A probabi l i ty  vector  n stochastically dominates  ~ ( rc_~)  if 
n 1 -k rc 2 --k " ' -  -k 7Z k _~ 7~ 1 -~- 7~ 2 "1- " '"  -]- ~k  for all k = 1, 2, . . . ,  n - 1. A sequence of 
spot  income distr ibutions is stochastically increasing if n(s + 1);~n(s) for all 
s = 0, 1, 2, . . . .  We say that  a transit ion matr ix  P stochastically dominates  /3 if 
n'P;~n'P for any income distr ibution vector  n. Abusing notat ion,  we will also 
denote  matr ix  dominance  as P>-/3. 

A transi t ion matr ix  is called m o n o t o n e  if each row stochastically dominates  the 
row above  it. In an intergenerat ional  mobil i ty  context,  a m o n o t o n e  mobil i ty  matr ix  
implies that  each child at t ime t is bet ter  off, in terms of stochastic dominance,  by 
having a parent  f rom state i +  1 than  by having a parent  f rom state i. In a n  
in t ragenera t ional  mobi l i ty  context, monoton ic i ty  implies that  an individual who at 
t ime t is in class i + 1 faces a bet ter  lottery, in terms of stochastic dominance,  than  
an individual  in class i. M o n o t o n e  mobil i ty  matr ices are also called "order-preserv-  
ing": if we let v be an n x 1 vector  it may  be shown that  Pv is nondecreasing for all 
nondecreas ing v if and only if P is m o n o t o n e  (see e:g. Keilson and Kester 's  (1977) 
Theorem 1). As argued by Conlisk (1990), monotonic i ty  is an ideal assumption to 
impose on a M a r k o v  chain of social mobility, being theoretically plausible and 
empirically supported.  Mono tone  transition matrices posses several simplifying 
mathemat ical  properties, reviewed by Keilson and Kester (1977) and Conlisk (1990); 
and estimated transition matrices are usually either exactly mono tone  or within 
sampling errors from being monotone ,  see for example Dardanon i  and Fore ina  
(1993) for a statistical analysis of mono tone  intergenerational transition matrices. 

Before stating our  results, we need to define the summat ion  matr ix  T that  will 
be crucial in the der ivat ion of much  of what  follows: T will denote  the n x n upper  
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triangular matrix with zeros below the main diagonal and ones elsewhere. The 
inverse T -  1 has ones on the main diagonal, minus ones on the first superdiagonal 
and zeros elsewhere. The transpose T '  will be lower triangular, and its inverse 
(T ' )  -1 has ones on the main diagonal, minus ones on the first subdiagonal and 
zeros elsewhere. Note that postmultiplying P by T transforms each row to a cumu- 
lative density, premultiplying P by T '  takes the cumulative sum of each column, 
and premultiplying an n x 1 vector y by T -  x differences the elements of y. Use of 
the summation matrix T implies the possibility of writing many of our definitions 
and results compactly: for example, the condition that P is monotone can be 
written as T - ~ P T  > 0; the condition n>-~ may be written as n ' T  < ~ 'T.  Given 
n x 1 vectors x and y, the identity x'y = x 'T  T -  ly, which is a sort of summation by 
parts, will be exceedingly handy in the demonstration of most of the following 
results. For  example, the well known fact that n'u > ~'u for all increasing vectors 
u is equivalent to n ' T  < ~ ' T  (utilitarian social welfare is greater under n for any 
increasing utility vector if and only if n _ ~ ) ,  admits the following very straight 
forward proof: n'u > ~'u can be written as [(re - ~)' T ]  I T -  lu] _> 0; u nondecreas- 
ing implies the first n - 1 elements of [T-~u]  > 0; n>-¢c implies the first n - 1 
elements of (re - ~)' T > 0 (the last element is zero); when u equals zero in the first 
j components and one in the last n - j ,  the first ( n -  1) elements of the vector 
[T-~u]  are zero everywhere except the j th element which equals minus one. 
Sufficiency follows immediately, while necessity follows by letting j vary from 1 to 
n in the above construct. 

These simple matrix manipulations will be essential to make the proofs of the 
results easy to derive and illustrative. 

2. Income distribution dominance 

Consider two societies following a discrete Markov process with constant n x n 
transition matrices P and P, and let rt(t) and Co(t) be the spot income distributions at 
time t. Our first question is the following: Under which conditions is a dominance 
relation _ between two spot distributions rt(t) and ~(t) preserved at time t + 1? In 
other words, are there necessary and sufficient conditions on the transition mech- 
anisms such that n(t)~_f~(t) implies n(t + 1)>-fc(t + 1)? A similar question has been 
analysed by Kanbur  and Stromberg (1988) in the context of continuous income 
distributions under the Lorenz curve ordering. It will be shown that the discrete 
framework and the monotonicity assumption simplify greatly the derivation and 
interpretation of the results. 

The following Lemmas, due to Keilson and Kester (1977), will be useful for 
much of what follows: 

Lemma 1. Let n(t + 1)' = n(t)'P and f~(t + 1)' = f~(t)'P, where P is the common 
transition matrix. Then the following conditions are equivalent: 

(1) P is monotone; 
(2) rc(t)>-f~(t) implies n(t + 1)>-f~(t + 1)for all n(t) and f~(t). 

Proof [(2) implies (1)]: Rewrite n(t)>_f~(t) as n( t ) 'T _< ft(t) 'T and 
rc(t + 1)___~(t + 1) as n(t) 'PT < ¢~(t)'PT. Assume that P is not monotone, i.e. there 
is at least one element, say the (i,j)th, of T - 1 P T  which is strictly negative. Choose 
¢c(t) - re(t) = ei - ei+ 1, where e~ is the ith unit vector (i.e., the n x 1 vector with one 
in the ith position and zeros elsewhere). Then n ( t ) ' T -  f~(t)'T = ei and the j th 
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element of the vector ( ¢ t ( t ) - n ( t ) ) ' P T = ( f z ( t ) - n ( t ) ) ' T ( T - 1 p T )  is negative, 
a contradiction. 

[(•) implies (2)]: n(t)'PT = n ( t ) ' T ( T - 1 P T )  < ~ ( t ) 'T (T -XPT)  = ~(t) 'PT, 
where the inequality follows from the fact that ( n ( t ) -  ¢c(t))'PT <<_ 0 and the 
monotonicity of P. [] 

Lemma 2. l f  P is monotone, so are pk, k = O, 1, ... 

Proof. T - 1 P k T  = T - 1 P P . . . P T  = ( T - X p T ) ( T - 1 P T ) . . . ( T - ~ P T ) .  But under 
monotonicity T-~PT>_O, which implies T - ~ P k T > O ,  and the Lemma is 
proved. []  

As argued above, estimated mobility matrices are typically monotone, or within 
sampling errors from being monotone. Therefore, Lemma 1 tells us that a stochas- 
tic dominance relation between two societies which follow a common transition 
mechanism is likely to be maintained as time unfolds. 

Let us consider now the case where P is monotone, but the transition mecha- 
nisms are different in the two societies. We need first the following: 

Lemma 3. Let P and/3 be two given transition matrices. Then the following two 
conditions are equivalent: 

(1) P~/3;  
(2) P T  <_ PT. 

Proof. 
[(1) implies (2)]: Rewrite n'P?>'~'/3 for all rc as rc'PT < n'/3T for all r~ and 

choose n equal to the ith unit vector (i = 1,2, ... ,n) to give P T  </3T. 
[(2) implies (1)]: Immediate from the definition of P~_P. [] 

The dominance condition PT K/3T may be given the followinginterpretation: 
suppose an individual has to choose either of the two societies P or P to live in, and 
assume he is not allowed to know in advance in which income class he would be. 
Then when P T  G/3T, he would face a better income lottery (in terms of stochastic 
dominance) under P for any initial income class. 

We are in a position now to state the following: 

Proposition 1. Let P and/3 be two given transition matrices, and let P be monotone. 
The following two conditions are equivalent: 

(1) P>_/3; 
(2) rc(t)>'~(t) implies n(t)'P>'~c(t)@ for all n(t) and ~(t). 

Proof. [(1) implies (2)]: Rewrite rc(t) 'P~(t) ' /3 as r ~ ( t ) ' P T - ~ ( t ) @ T =  
(n ( t ) -  ~ ( t ) ) ' T ( T - I P T )  + ~(t)'(P - / 3 ) T ,  and note that under monotonicity 
(n(t) - ¢c(t)) 'T(T-~PT) < 0 and k(t)'(P - / 3 ) T  <<_ 0 using Lemma 3. 

[(2) implies (1)]: Set n(t) = ~(t) in (2), and use the definition of p>./3. [] 

The above result tells us that when the transition matrix of the society with 
a dominating income distribution is monotone, a necessary and sufficient condition 
for the preservation of the dominance relation in the following snapshot is sto- 
chastic dominance of the transition matrix. 

Under monotonicity, from Proposition 1 one might expect that when P domi- 
nates /3 the steady state income distribution h e ' =  ne'P will also dominate the 
steady state distribution ~e, = ~e@, because if the dominance relation ~ holds at 
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each period it will hold in the limit as well. A formal proof that P>-P implies ne~_~ e 
when the matrix P is monotone is given in Conlisk's (1992; page 176). 

A further appreciation of the properties of monotone chains may be obtained 
by the following example: let P and P be the following (non monotone) transition 
matrices: 04 [010  041 

P =  0.3 0.4 0.3 ; /3=  0.3 0.5 0.2 . 

0.5 0.4 0.1 0.5 0.5 0.0 

The equilibrium vectors are n = (0.3, 0.4, 0.3) and f~ = (0.286, 0.5, 0.214); thus 
n does not dominate ft, even though p_/3 .  Failure of monotonicity may imply the 
rather paradoxical result that even though in a society at every time period each 
income class faces a better income lottery than in another society, still in equilib- 
rium the income distribution of the first society does not dominate that of the 
second one. 

3. The sequence of income distribution vectors over time 

We consider now the behavior of the spot distribution n(t) over time, and in 
particular the conditions under which n(k + 1)>-n(k) for all k, so that the income 
distribution vectors form a stochastically increasing sequence over time. The 
following result gives conditions for intertemporal dominance: 

Proposition 2. Let  n(k)' =/~(0)'P k, with P monotone. Then n(k + 1)>'n(k) for all 
k = 0, 1, . . .  if and only/ fn(1)>-n(0) .  

Proof. Sufficiency follows immediately from Lemmas 1 and 2; necessity is 
trivial. [] 

Under monotonicity, a simple condition for the sequence of "spot" income 
distributions to be stochastically increasing is that n(1) dominates n(0). Intuitively, 
the chain will be monotonically increasing over time if it does not start with a "too 
rich" income distribution. For example, under monotonicity it follows that when 
the chain starts with all the population belonging to the poorer (richer) class, 
society's income distribution will get stochastically richer (poorer) over time. 

A more precise characterization on the initial income distribution which en- 
sures a stochastically increasing sequence of income distributions over time may be 
obtained, following Keilson and Kester (1977), by linking the initial income vector 
to the steady state income distribution. We need now the following definition: 
A transition matrix P is tridiagonal if P >_ 0, P1 = 1 and in addition Pij = 0 
for [ i - j l  > 1. Tridiagonal transition matrices arise quite naturally when the 
transition period is short, and each individual can move (up or down) each period 
only to adjacent states. Tridiagonal transition matrices are extensively studied 
under what are called "birth and death" stochastic processes. Denote by D(n e) the 
diagonal matrix with n e on the diagonal. We have the following: 

Proposition 3. Let P be a regular monotone transition matrix. A sufficient condi- 
tion for n(k + 1)~'n(k)for all k = O, 1, ... is that n(O)i/n~ is nonincreasing in 
i = 1, 2, ... , n. I f  P is in addition tridiagonal, the condition is also necessary. 

Proof. [Sufficiency]: From Proposition 2, it follows that it suffices to show that 
n(O)i/n~ nonincreasing in / impl ies  n(1)_~n(0), i.e. n(O)'PT < n(O)'T, n(O)Jn e 
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nonincreasing may be rewritten as ~(O)'D(~ e)- 1 nonincreasing, which is equivalent 
to r~(0)'D (~e)- 1 ( T ' ) -  1 >_ 0. Given the identities rc(O)'PT = rc (0)' D(n e) - 1 ( T ' ) -  1 T 'D 
( ~ e ) p T  and ~(0)'T = ~ ( O ) ' D ( ~ e ) - I ( T ' ) - I T ' D ( r c e ) T ,  tO show rc(O)'PT < ~(O)'T 
(that is, ~(O) 'PT - r c ( 0 ) ' T  = ~(0) 'D(~e)- I (T ' )  -x [ T ' D ( ~ ) ( P  - - I ) T ]  < 0) it suf- 
fices to show that T'D(~e)(P - I ) T  <_ O. 

Note that the last row and column of T ' D ( ~ ) ( P  - I ) T  consist of zeros; the 
(i,j)th element, when i < j  < n, equals: 

t s t = l  1 = 1  \ s = j + l  t = l  

t = l  s = j + l  

while, when n > i > j we have: 

~ p , ~  - ~ = ~ p , ~  - ~ p , s  - ~ 7  = 
s = l  t = l  t = l  s = l  t t = i + l  t = l  

E _ _  e _ _  e 

s = l  s = j + l  s = l  s = l  t = i + l  

[Necessity]: Suppose n(O)'PT < n(O)'T. Then n(O) 'D(rc~) -~(T ' ) -~[T 'D(n  ~) 
(P - I ) T ]  < O. For any matrix P with equilibrium vector ~e, it has just been 
shown that T'D(rce)(P - I ) T  < O. However, when P is tridiagonal, employing the 
steady-state equation ~e' = r f fP  we get 

[i ~ n~ n] 'J 
T'D(ne)  P T  = ~] b n~ + n~z ... . 

Thus, T ' D ( ~ e ) ( p - I ) T  has nonpositive elements on the diagonal, and zeros 
elsewhere, which implies rc(O)'D(~e)-l(T')  -1 >0 ,  i.e. ~z(O)'D(~e) -1 is nonin- 
creasing. []  

4. Monotone comparative statics 

Monotonicity considerations turn out to be important to give definite answers to 
problems regarding the effects of "perturbations" of the transition matrix P on the 
equilibrium income distribution. The comparative statics analysis of finite ergodic 
Markov chains is contained in an illuminating paper by Conlisk (1985), where he 
provides formulae for calculating the effects of infinitesimal changes in the transition 
matrix on the equilibrium vector and the mean first passage time matrix. 

Consider a regular chain with transition matrix P and equilibrium vector ~e. The 
obvious elementary change in P would seem to be an increase in an dement of P; 
however, to keep the corresponding row sum to one, at least another element of 
P must decrease. The simplest perturbation considered by Conlisk is composed of 
a gain of size e in the gth element of row r, Prg, at the expense of a fall of equal size in 
the element Pr~- P as a function of e may be written as P(e) -- Po + ee'r(% - e~), 
where Po is the initial value of P (recall e~ is thejth n x 1 unit vector). Let he(e) denote 
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the equilibrium vector as function of E. The interesting comparative statics result for 
our purposes is the sign of the derivative dn e' T / d e  evaluated at E = 0, where n e' T is 
the equilibrium cumulative income distribution. When dn e' T / d e  is nonpositive, the 
perturbation causes a stochastically dominating shift in the equilibrium income 
distribution. Derivatives for a general perturbation can be built up from elementary 
perturbations by means of a perturbation matrix dP/de = E which arrays elementary 
perturbations. 

Suppose for example that we want to study the effect of an increase in the 
probability of transition to a given state g, at the expenses of a decrease in the 
probability of transition to state f for any origin state. This is an example of what 
Conlisk calls a "column gain" perturbation, where all gaining elements of P are in 
a single column and all falling elements are in another column. The perturbation 
matrix E has ones in column g, minus ones in co lumnfand zeros elsewhere. Suppose 
for example that g > f  so that at each period it becomes easier to transit to an higher 
income class regardless of origin state. Intuitively, one would expect that eventually 
this society will settle in such a way that more people are allocated in richer income 
states (that is, the new equilibrium vector will dominate the old one). That this is not 
necessarily so is established by the following example: 

0.1 0.4 0.5 

P = 0.3 0.4 0.4 ; rce = [0.3, 0.4, 0.3]. 

0.5 0.4 0.1 

Suppose f = 2 and g = 3, so that the probability of transiting to the richer income 
class is increased for any origin class. Applying Conlisk's formula for ~ne/de for the 
column gain of this sort we get dr f f 'T /de -= [ -  0.143,0.857,0], which implies a 
decrease in the proportion of people in the richest class after the perturbation. This 
example is rather similar in spirit to the example considered in section three, and it is 
characterized by failure of monotonicity of P, as shown below. 

Conlisk (1985; page 145) shows that the effect of a perturbation E on the 
cumulative distribution of n ~ is given by dT[ e' T / d e  = 7 te 'EZT ,  where Z is Kemeny's 
(1981) "fundamental matrix", given by Z(d)  = (I - P + ld ' ) -  1 (d is any n x 1 vector 
such that d'l  ¢ 0). Choosing d equal to P's last row (denoted P,) we get 
dge'T/dE = n ~ ' E Z T  = rc~'ET(I - T - 1 P T  + T - X l P , , T ) - X T - x  T = n e ' E T ( I  - T - x  
P T  + T -  11P, T ) -  1. Under monotonicity, the matrix (I - T - 1 P T  + T - 11P,, T )  - 1 
will be nonnegative; a perturbation E will cause a stochastically dominating shift in 
the equilibrium income distribution (dn ~' T / d e  < 0) whenever 7ze'ET is nonposi- 
tive. For  the column gain considered above, the matrix E T  has minus ones in the 
f th  column and zeros elsewhere; it follows that under monotonicity a shift of 
probability mass towards a richer income class does imply a "richer" equilibrium 
income distribution in the long run. 

Another interesting perturbation of the transition matrix P is obtained by 
considering a "diagonalising" shift of probability mass towards the main diagonal 
which represents a decrease in the mobility of the population, as analysed in 
Shorrocks (1978). When one of the diagonal element of P increases at the expense 
of an off-diagonal element in the same row, we may regard the new transition 
structure as indicating a lower level of mobility; a diagonalising perturbation along 
these lines may be obtained by assuming that in row i the ith element is the gaining 
and the (i + 1)th is the falling one, while in row i $ 1  the element i + 1 is the 
gaining one at the expenses of the ith element. The effect of such an immobility shift 
can be signed, under monotonicity, by considering the sign of rt~'ET, which equals 
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zero everywhere except the ith element which has the same sign as (rc~ - rc~+ 1)- If 
income class i is more numerous in equilibrium than class i + 1, the immobility 
increasing shift considered here will cause a dominated shift in the equilibrium 
income distribution. 

These two examples show how comparative statics results may be obtained 
under monotonicity by simply considering the sign of the vector ~ ' E T ,  given the 
nonnegativity of the matrix (I - T - ~ P  T + T -  t 1P, T) -~  and the general formula 
for the effect of a perturbation E on the cumulative income distribution. 

5. Lifetime inequality 

For  a given regular transition matrix P, we may derive the implied distribution of 
expected lifetime income for the individuals in a society whose mobility is governed 
by P and is in steady state. Consider a society consisting of identical individuals 
who are born simultaneously and live exactly for z periods. Let ye  denote an 
(n × 1) vector of expected discounted lifetime incomes, where the typical element 
Y~ denotes the expected lifetime discounted income of an individual who starts 
a life in income class i, and is given by the ith element of the vector 
ye  = y + ppy + p2pZy + ... + p~p~y, where 0 _< p < 1 denotes the discount fac- 
tor. Letting z--+ oo, y e =  [ I -  p p ] - l y .  The permanent income vector may be 
obtained by normalizing ye  as Ye = (1 - p)[I  - pP]-  ly. The steady state distri- 
bution of permanent incomes is given by [rte, Ye]. We will denote ( 1 -  p) 
[ I -  p p ] - i  as P(p), which is a stochastic matrix, whose typical element Pij(P) 
may be interpreted as the average discounted "lifetime" probability of moving from 
the initial state i to state j. 

The one period Lorenz curve for I-7:,y] has horizontal coordinates given by 
. . . .  . . .  " '"  , i);  while the vertical coordinates are 

given by [rt]yl, rt~yl + x ~ Y 2 ,  "-" , x ] Y l  + r ~ Y 2  + " '"  + 7"ceyi, "'" , rte'y]/r:'Y. N o t e  

that when P is monotone also P(p) is monotone; it follows that the permanent 
income vector ye  is nondecreasing for any nondecreasing income vector y. When 
ye  is nondecreasing, the Lorenz curve for [rt e, ye] has horizontal coordinates given 
by (rc], r~] + rt~ . . . .  , rc] + 7t~ + ... + rc e, . . . ,  1) and vertical coordinates given by 

e e P e y P  -Jr- e y P  _.}_ ..}_ Tie y P  ~e y P ] / 7 ~ e '  y P .  [zc~ Y1 e, 7q YA e + ~2 Y 2  . . . .  , X l  7~2 . . . . . .  , 

Given income distributions Dze, x] and [ r : , y ]  for two income state vectors 
x and y with equal average income (i.e. satisfying ~:'x = r:'y), the Lorenz ordering 
Ire e, x] >'L D ze, Y] is given by the condition that the Lorenz curve for I t : ,  x] lies 
nowhere below that for [rr e,y]. Using the summation matrix T, we may write 
[rte, x] ~--L [ r : , y ]  compactly as T ' D ( ~ ) x  >_ T'D(ne)y; and given two permanent 
income distributions [7: ,X e] and Ix e, ye] ,  the Lorenz ordering [rce, X e] >'L 
[rt e, ye]  is written compactly as T'D(~e)xe>_ T'D(~ze)Y e Lambert (1993) con- 
tains a thorough review of the uses and properties of the Lorenz curve for the anal- 
ysis of the distribution and redistribution of income. 

Before proceeding, we need the following definition: the reverse Markov chain 
for a regular Markov chain with transition matrix P and equilibrium vector r :  is 
a Markov chain with transition matrix given by D(rt*)-IP'D(r:). The typical 
element of a transition matrix for the reverse Markov chain gives the proba- 
bility that an individual who is in class i at time t came from ctassj in the previous 
period. If the backward and forward transition matrices are equal, i.e. if 
P = D(~*)-IP 'D(z:) ,  the process in equilibrium will appear the same looked at 
backwards as forwards: in this case we call the chain time reversible. Reverse 
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Markov chains and time reversibility are considered in detail in Kemeny and Snell 
(1976). 

Dardanoni (1992) considers the conditions under which Lorenz dominance of 
the single period income distributions is preserved in the permanent income 
distributions when the chain is in steady state: 

Proposition 4. Let  P be a monotone regular transition matrix with equilibrium vector 
rt e, and let x and y be two different income state vectors, with X e = P ( p ) x  and 
y e  = p ( p ) y  being their respective permanent income vectors. Then the following 
conditions are equivalent: 

(1) [rd, x] ~ Ere e, y] implies Ere e, X e] >'L [~e, y e ]  for  all income state vectors 
x and y with equal average income; 

(2) The lifetime transition matrix for  the reverse Markov  chain, D(Tte )  - 1  
P(p)'D(Tze), is monotone. 

Proof  [(2) implies (•)]. By Lemma 2, monotonicity of P implies that X e and y e  
are nondecreasing. Condition (1) may then be written as T'D(rce)(p)y > 
T 'D( I t e )p (p )x  for any y and x such that T 'D(n~)y  > T'D(rce)x and Ize'y = ne'x. 
Condition (2) may be written as T - 1 D ( n ~ ) - I p ' ( p ) D ( n ~ ) T  > O, which can be 
written as T'D(r f f )P(p)D(n ~)- 1 ( T - a), > 0. But this implies T 'D (ne)p(p)[y  - x] = 
T ' D ( n ~ ) P ( p ) D ( n e ) - l ( T - 1 ) ' T ' D ( n ~ ) [ y  - x] > 0 when T ' O ( n e ) [ y  - x] > O. 

[(•) implies (2)]: We argue by contradiction: Assume the (i,j)th element of 
T - 1 D ( n ~ ) - I P ' ( p ) D ( r t ~ ) T  is negative; taking the transpose, this implies that the 
(j,i)th element of T ' D ( r f f ) P ( p ) D ( n e ) - ~ ( T - 1 ) '  is negative. Then choose all the 
elements o fx  (except the elements i and i + 1) equal to y, and let xi = Yi - k/n7 and 
xi+ 1 = Y~+ ~ + k/n~+ 1, with k being a positive constant which does not rearrange 
the x vector. Then T'D(Tze)[y - x] equals a vector with all elements except the ith 
equal to zero, while the ith element equals k > 0. But this implies that the jth 
element of T'D(r te)P(p)  [y  - x] = T 'D(n~)P(p)D(~e)  - I (T  - 1), T 'D(Tte)[y -- x]  is 
negative, a contradiction. [] 

A necessary and sufficient condition for ensuring that a "static" reduction in 
inequality due to a change in the income state vector will imply a reduction in 
lifetime inequality is that the lifetime transition matrix for the reverse chain is 
monotone. Intuitively, this means that the "backward lifetime lottery" that a per- 
son in class i has faced is better, in terms of stochastic dominance, than the lottery 
that has been faced by an individual in class i - 1; this seems intuitively plausible. 
Note that monotonicity of the transition matrix of the reverse chain is sufficient to 
ensure monotonicity of the lifetime reverse matrix for any discount factor of 
interest. Lifetime inequality reduction is guaranteed, given a reduction in inequality 
of the "spot" income distribution, by monotonicity of the reverse chain. Finally, 
note that if the chain is monotone and time reversible, the lifetime reverse matrix 
will trivially be monotone. 

6. Mobility orderings 

Consider two societies which follow respectively transition matrices P and Q, and 
assume that they have a common steady state distribution vector rt e, so that 
7ze'P = rge 'Q  = rce'. Dardanoni (1993) proposes a mobility partial ordering of mono- 
tone transition matrices with equal steady state vectors. The equal steady state 
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assumption plays the same role as the equal mean assumption in the literature on 
static inequality measurement, as pionereed by Kolm (1969) and Atkinson (1970). 
Dardanoni argues that the proposed partial order is the 'natural' extension of 
Lorenz curve ordering employed to rank "one shot" income distributions. Letting 
ye  and Y~ denote the vectors of permanent incomes in the steady state, he shows 
that the mobility ordering is equivalent to the Lorenz ordering on the permanent 
income vectors. In other words, denoting by >'M the mobility partial ordering, 
Dardanoni  shows, among other things, that under monotonicity P(p)~--M Q(P) if 
and only if [n e, YP])>'L[TC e, YQ]. 

Consider two monotone regular transition matrices P and Q which share 
a common steady state vector x e. Assume that both societies also share the initial 
income distribution vector n(0), which satisfies the sufficient condition of Proposi- 
tion 3, namely that ~(O)i/~ is nonincreasing in i = l, 2 . . . .  , n, so that the sequences 
of income distributions stemming from P and Q are stochastically increasing over 
time and will eventually converge to the common steady state distribution xe. 

Intuitively, one might expect that if P is a more mobile society than Q, it will be 
more effective in changing the initial income distribution, and approach the steady 
state distribution more rapidly. Thus, if P ~ ' M  Q, even though both societies share 
by assumption the initial income distribution ~(0) and the steady state distribution 
~e one might expect that at all times t = l, 2, ... the income distribution under P, 
n(O)P t, dominates that under Q, ~(0)Q t. This turns out to be so: 

Proposition 5. Let P and Q be regular monotone transition matrices with monotone 
reverse chains and equal steady state vector xe. The following two conditions are 
equivalent: 

(1) U>'MQ'for  t = 1,2, ... ; 
(2) n(O)' P t >'Tz(O)' Qt for t = l, 2, ... for any initial income distribution vector ~(0) 

satisfying the condition that ~(0)i/x e is nonincreasing in i --- l, 2, . . . ,  n. 

Proof [(1) implies (2)]: Rewrite n(O)'P'~_rr.(O)'Q t as n(O)'UT <n(O)'Q~T, 
which can written as n(O)'D(n~)-I(T') -1T'D(ne)(P ' - Qt)T < 0 using by now 
familiar manipulation. From Dardanoni's (1993) condition (1) can be written as 
T'D(rce)(u -- Qt)T < O. Rewriting the condition that n(O)i/n7 is nonincreasing in 
i = 1,2, ... ,n as n(O)'D(ne)-J'(T') -1 >_ 0 the result follows. 

[(2) implies (1)]: We argue by contradiction. Rewrite n(O)'U~_n(O)'Q t as 
n(O)' D(n~)- l ( T') -1T'D(n")( U - Q~) T < 0 and assume that, contrary to condi- 
tion (1), the (j, l)th element of T'D(ne)(U -- Qt)T is strictly positive. Now choose 

e j e e j e e j e 
n(O) : ( ~ l / ~ , i = l , n i , ' l ~ 2 / ~ . i = l ~ i  . . . .  ,TEj/~.i=l~i,O , ... ,0). It follows that the vector 
~(0),D(n~)-I(T )-1 has zeros everywhere except for the j th element, which is 
strictly positive, and we obtain the desired contradiction. [] 

The result confirms the simplifying nature of the monotonicity assumption 
in obtaining insights into the dynamics of the income distribution over time in 
a simple and unified fashion. 

7. Conclusions 

The transition matrix of a Markov chain of income mobility is monotone when 
richer individuals face a better income prospect than poorer individuals. Mono- 
tonicity is a strong mathematical assumption, and yet is intuitively plausible 
and empirically valid. The mathematical structure implied by the monotonicity 
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assumption makes many interesting results very easy to demonstrate. It is hoped 
that this illustrative paper will help clarify the use of the monotonicity assumption 
in various income distribution and redistribution problems. 
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