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1 INTRODUCTION 2

1 Introduction

1. La VaR d’'un portefeuille d’actifs financiers est une mesguantitative de risque
attachée a la valeur du portefeuille.

2. Si un investisseur détient un portefeuille (une positangue), il encourt le risque
d’'une perte de valeur sur un certain horizon.

3. Les accords de Bale sur la réglementation des banqgge&rent que celles-ci con-
stituent des provisions de capital pour couvrir ce typestpues. Les banques doivent
elles-mémes évaluer la VaR de leurs actifs financiers. .Betsel Committee on Bank-
ing Supervision (1996) at the Bank for International Setgats uses VaR to require
financial institutions such as banks and investment firmsdetroapital requirements
to cover the market risks that they incur as a result of the@imal operations.

4. Une banque pourrait dire que la VaR de son portefeuills éertain horizon, est de
20 millions d’euros au niveau de confiance de 95% (ou au nigleaisque statistique
de 5%). Autrement dit, il y a 5 chances sur 100 qu’une pertérgegre a 20 millions
se produise a I'horizon considéré, si les marchés fonoent normalement.

5. Comment peut-on estimer ce montant? Est-il de 20, 5, ou i8ioms? La VaR
est définie pour un niveau de risque (comme 5%), un horizaemes (comme 10
jours), et sur la base d’'un modele d’évaluation du risgo@ftier.

6. La VaR est déduite directement d’'un quantile de la distion (conditionnelle) du
rendement du portefeuille.

1.1 VaR d’une position longue

Soity, le rendement aléatoire, a une période, d'un porteteqilii vautp,
y; = 100A log p;.
Soitg,(«) le quantile de niveau% de la distribution dey;, défini par la relation

Prly, < qi(a)] = .

La VaR de niveaur dep; est la perte minimale qui peut se produire avec une probabili
égalea:
VaRi(a) = —qi(a) X py.

Par exemple, si
Yy ~ N(,utv Ut2)7
VaRt(oz) = —<Mt + Zagt)pt7

ou z, est le quantile de niveaude la distribution N(0,1).
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On a observé un rendement inférieur a -1.89% dans 5% du
nombre total de jours de I'échantillon — VaR(0.05) = 1.89 py.

Figure 1: VaR du Nasdaq
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2 Risk and volatility
On peut mesurer la volatilite comme
Vo = Era[| Ry — puel”)

Mean absolute deviation or variance. Variance adequayeuner quadratic utility or nor-
mal distribution of returns.

Risk only exists in the left part of the distribution. We dda m@nt to diversify to reduce
the possibility of an unexpected positive return.

VaR
VaRy = —sup[r|Pr_1[R: < r] < ]

Basel
1. a=0.01
2. 10 trading days

3. one year for backtesting

3 Estimation methodsfor VaR
3.1 Historical simulation
The VaR is estimated it as theth quantile of the empirical distribution of losses:
VaR® = —R,.r,
whereR,,.r is theath-order statistic of the data and
w = [Ta] = mazx{m|m < Ta,m € N}.
But the empirical quantile is not a good estimator for aneaxie quantile.

As seen in the seminar, cannot be revised daily. Because eceaniot of observations
to estimate the quantiles.

3.2 Bootstrap

If 11D returns, bootstrapping in the empirical distributiof returns. HS estimation using
the replications.
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3.3 Modeling the dependence of returns

Returns modeled as
Ry = i + €0y
Then
Va’Rta = Mt + 4o 0y

The mean is modeled using an ARMA
pe = ¢o + P11 + 0ra, a; = Ry — it

The variance is modeled using a GARCH

o} = ap + a;_, + foi

Finally, the quantile can be determined easily if the disifion of ¢ is normal. Other
distributions can be used when estimating the GARCH likeShedent of asymmetric
Students.

4 Engleand Manganelli: CAViaR 2004

VaR is an estimate of how much a certain portfolio can loséiwit given time period,
for a given confidence level. The great popularity that th&grument has achieved among
financial practitioners is essentially due to its concelinaplicity: VaR reduces the (mar-
ket) risk associated with any portfolio to just one monetanount.

Despite its conceptual simplicity, the measurement of \@R very challenging statis-
tical problem and none of the methodologies developed sgiVas satisfactory solutions.
Since VaR is simply a particular quantile of future portiolialues, conditional on current
information, and since the distribution of portfolio ratsrtypically changes over time, the
challenge is to find a suitable model for time varying cormudiéil quantiles.

1. provide a formula for calculatinga R, as a function of variables known at time 1
and a set of parameters that need to be estimated

2. provide a procedure (namely, a loss function and a seitajfimisation algorithm)
to estimate the set of unknown parameters

3. provide a test to establish the quality of the estimate.

Some first estimate the volatility of the portfolio, perhdgsGARCH or exponential
smoothing, and then compute VaR from this, often assumingpality.

The volatility approach assumes that the negative extréatiesv the same process as
the rest of the returns and that the distribution of the retutivided by standard deviations
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will be independent and identically distributed, if not na.

CAViarR: model directly the quantile of the distribution i&turns. We want the quan-
tile to evolve smoothly: so autoregressive. We want exglans: thezx.

VaRy = Gy + fiVaRy | + (B2, Ri—1, VaR§ ;)
where different forms for the functianwere proposed.
1. symmetric slopes i
2. asymmetric slopds= 3. R} | + 33R;
3. adaptativé = G([1 + exp(G[Ri1 + VaRy )] ' —a) G >0

Estimation using the methods of the quantile regression.

5 Backtesting VaR estimates

Imposed by Basel Committee on Banking Supervision. Batkge®ver one year (250
obs). Backtesting is based on a failure process

I =1R < -VaRy), t=T+1,..T+n
One year ahead for testing,= 250. A VaR estimate is accurate iff

Et_l[Ita] = Q.

5.1 Likelihood ratio test

The number of failures: has a binomial distribution with parametersandn. Kuipec

(1995)
onam[(1-2)" (2

x%(1) = 3.84 at 95%. Low power in small samples.

—2log[(1 — a)" "] ~ x*(1).

We could devise a test for
B[] = a

It is a test of independencé.R;,;. The test for conditional coverage is
LR.. = LRy + LRing ~ *(2)

X2(2) = 5.99 at 95%.
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52 CAViaR

A dynamic quantile test based on a regressioiyof- o on its lags and the other values
contained in the conditioning set. See if these variables@nificant.

5.3 Hurlin 2011

Backtesting Value-at-Risk : A GMM Duration-based Test. Theation between hits is
a geometric distribution. Using properties of this diattibn, Hurlin finds polynomials
which are zero under the null. The first polynomial corregfsoto the first moment. Test if
these polynomials are jointly zero. Has to determine thebmmof polynomials: 1, 2 or 3.
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